JACOBIAN OF MEROMORPHIC CURVES* 

By 

Shreeram S. Abhyankar and Abdallah Assi 
Mathematics Department, Purdue University, West Lafayette, IN 47907, USA; 

e-mail: ram@cs.purdue.edu 
Universite d'Angers, Mathematiques, 49045 Angers cedex 01, France; 
e-mail: assi@univ-angers.fr 

Abstract. The contact structure of two meromorphic curves gives a factorization of their jacobian. 



Section 1: Introduction 

Let J(F, G) = J(x,Y) (F, G) be the jacobian of F = F(X, Y) and G = G(X, Y) with respect to X and 
Y, i.e., let J(F,G) — FxGy — FyGx where subscripts denote partial derivatives. Here, to begin with, 
F and G are plane curves, i.e., polynomials in X and Y over an algebraically closed ground field k of 
characteristic zero. More generally, we let F and G be meromorphic curves, i.e., polynomials in Y over 
the (formal) meromorphic series field k((X)). 

In terms of the the contact structure of F and G, we shall produce a factorization of J(F,G). Note 
that if G = —X then J(F, G) = Fy; in this special case, our results generalize some results of Merle [Me], 
Delgado [De], and Kuo-Lu [KL] who studied the situation when F has one (Merle) or two (Delgado) or 
more (Kuo-Lu) branches. These authors restricted their attention to the analytic case, i.e., when F is a 
polynomial in Y over the (formal) power series ring fc[[A]]. With an eye on the Jacobian Conjecture, we 
are particularly interested in the meromorphic case. 

The main technique we use is the method of Newton Polygon, i.e., the method of deformations, 
characteristic sequences, truncations, and contact sets given in Abhyankar's 1977 Kyoto paper [Ab]. In 
Sections 2 to 5 we shall review the relevant material from [Ab] . In Section 6 we shall introduce the tree 
of contacts and in Sections 7 to 9 we shall show how this gives rise to the factorizations. 

The said Jacobian Conjecture predicts that if the Jacobian of two bivariate polynomials F(X, Y) and 
G(X, Y) is a nonzero constant then the variables X and Y can be expressed as polynomials in F and G, 
i.e., if ^ J(F, G) ek for F and G in k[X, Y] then k[F, G] = k[X, Y]. We hope that the results of this 
paper may contribute towards a better understanding of this Bivariate Conjecture, and hence also of its 
obvious Multivariate Incarnation. 

Section 2: Deformations 

We are interested in studying polynomials in indeterminates X and Y over an algebraically closed 
ground field k of characteristic zero. To have more elbow room to maneuver, we consider the larger 
ring R = k((X))[Y] of polynomials in Y over k((X)), i.e., with coefficients in k((X)), where k((Xj) is 
the meromorphic series field in X over k. 

Given any 

.9 = g(X,Y) =^2g®X i = ^ fl (W3)yi e R 

with 

gV\ - g lH(Y) e k[Y] and <?« J » = g {{j)) (X) E k{{X)) 

we put 

Suppxs = {i E Z : g® ? 0} and Su PP y- 5 = {j € Z : ^ 0} 

and we call this the A-support and the y-support of g respectively. Note that these supports are 
bounded from below and above respectively, and upon letting 

7 s1 = ordxg = the A-order of g and 7 = degy g = the F-degree of g 
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we have 



Now 



and we put 



„ f min(Suppxg) if g i= f max(Suppy.g) if g ^ 

7 1 ■* n and 7 = 1 -t n 

L oo it g = t — oo it 5 = 0. 

ffW(r) = 5^5^y J ' and g^'»pf) = ^y < '^X < with $W) G fc 



Supp(.g) = Sup P(x , y) . 9 = {(m) G Z x Z : ^ 0} 
and we call this the support, or the (X, F)-support, of g. We put 

/.9 [7Sl if g^O -. , /5 ((7)) if .9^0 

mcox.g = ^ ^ ^ and decoyg = < 



if g = 10 if 5 = 

and we call this the X-initial-coefficient and the y-degree-coefficient of g respectively. Upon letting 

7" = ord(.g) = the (total) order of g 



we have 



and we put 



= ord(x,y)5 = the (X, y)-order of g 

min{i + j : G Supp( 5 )} if g ^ 
00 if g = 



info(s) = info (X! y).g = | 



Ei+j^g^x^ if g ^0 

if 3 = 

and we call this the initial-form, or the {X 1 y)-initial-form, of g. 1 If g £ fc[X, Y] then upon letting 



7 = deg(g) = the (total) degree of g 
= deg(x,y)3 = the (X, y)-degree of g 



we have 



and we put 



7 = 



max{i + j : G Supp(#)} if .9 ^ 
—00 if g = 



defo( 5 ) = defo (x = | 



£ i+J =^ (i,j) ^ j if .9^0 

if .9 = 



and we call this the degree-form, or the (X, y)-degree-form, of g. 2 
Given any z = z(X) G fc((X)), we write 

z = z(X) = ^ zftX* with G fc 

and we put 

z[i] = for alU G Q\Z 



1 In an obvious manner, the definitions of Suppx3, ordxS, incoxg, Suppyg, degyg, decoyg, Supply) <?> or d(x,y)<?i 
and info(x,y)9i can be extended to any g in k((X))[Y, Y~ 1 ], and for any such g we can also define ordyg and incoyg, and 
then we have: g = Suppx<? = ordx<? = 00 <S> incoxS = <^ Suppyg = ordyg = 00 <£4> degyg = — oc <^ 
incoyg = decoyg = <S> Supp(x,y)S = ord(x,y)S = 00 m f°(x,y)S = 0. 

2 Again, in an obvious manner, the definitions of dcg(x,y)9 an d defo(x,y)9 can be extended to any g in k[X, X~ 1 , Y, Y~ 1 ], 
and for any such g we can also define dcgxS and decoxS, and then we have: g = degxS = —00 dccoxS = 
deg(x,y)9 = -00 & defo ( x,y)9 = 0. 
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and we let 

J the set of all (U, V, W) G I? such that U > < V 
6 ^ Z ' ~ \ and iV/U G Z for all i G Sup Px z with i < WU/V 
and we call this the edge of z, and for any (U, V, W) 6 e(z) we let 

z\X,U,V,W)= Yl ^}X tV/u e k((X)) 

i<WU/V 

and 

z*(X, U, V, W, Y) = z\X, U, V, W) + X W Y e R 

and 

z^(X,U,V,W)= J2 mx lV/u e k((X)) 

i<WU/V 

and we call these the (U, V, TL^-truncation, the (U, V, M / )-deformation, and the strict (£/, V, W)- 
truncation of z{X) respectively. Given any H = H(X, Y) G R 1 we are interested in calculating 
OTd x H{X v , z*(X, U, V, W, Y)) and mco x H{X v , z*(X, U, V, W, Y)). 3 For this purpose we proceed to give 
a review on characteristic sequences. 

Section 3: Characteristic Sequences 

Let be the set of all monic polynomials in Y over k((X j), i.e., those nonzero members of R in 
whom the coefficient of the highest F-degree term is 1. Let ffl be the set of all irreducible monic 
polynomials in Y over k((X)), i.e., those members of W which generate prime ideals in R; note that 
their F-degrees are positive integers. 

Given any / = f(X, Y) G of y-degree n, by Newton's Theorem 

f(X n ,Y)= [] lY-Zi(X)] with Zj (X)ek((X)) 

l<j<n 

where we note that SuppxZj is independent of j. Let m(f) = (/)o<i<ft{m(/))+i be the newto- 
nian sequence of characteristic exponents of / relative to n as defined on page 300 of [Ab], let 
d(m{f)) = di(m(f)) 0< i<h(d(m(f)))+2 be the GCD-sequence of m(f) as defined on page 297 of [Ab], 
let q(m(f j) = 5i(m(/)) <j</ l (g( m (/)))+i be the difference sequence of m(/) as defined on page 301 
of [Ab], let s(q(m(f))) = s i (g(m(/))) < i < /l(s(l j (m(/))))+1 be the inner product sequence of q(m(f j) 
as defined on page 302 of [Ab], and let r(q(m(f))) = ri(q , (m(/))) <i</ l ( r ( 9 ( TO (/))))+i be the normalized 
inner product sequence of q(m(f)) as defined on page 302 of [Ab]. 4 Note that then 

h(d(m(f))) = h(m(f)) = h(q(m(f))) 

= h(s(q(m(f)))) — h(r(q(m(f)))) = a nonnegative integer 

and 

do(m(f)) = and 4(d(m(/)))+iM/)) = 1 

3 To motivate the definitions of e(z) and z*, given any H = H(X,Y) = H^X^ G R with ffW) e k, let r" 

and 0«(y) be the values of ord x H(X v , z*(X, U, V, W, Y)) and hico x H(X v , (X, U, V, W, Y)) when 2 = 0, i.e., let r» = 
ord x H(X v ,X W Y) and Q»(Y) = mco x H(X v , X W Y). Also let V and B(X,Y) be the weighted order and the weighted 
initial form of H(X,Y), when we give weights (V,W) to (X, Y), i.e., let T = min{iV + jW : € Supp( XY )H(X,Y)} 

and e(X,Y) = Eiv+jW=r H(i ' j)xiYj - Then r " = r = ^d { x,Y)H(X v , Y w ) and B(X,Y) = mio {XyY) H(X v ,Y W ). 
Moreover, B»(Y) and &(X, Y) determine each other by the formulas 0»(Y) = 0(1, Y) and &(X, Y) = X F / V 0> (X~ W / V Y). 
The parameter U is a normalizing parameter which essentially says that we want to intersect the "meromorphic curve" 
H(X, Y) = with a deformation of the "irreducible meromorphic curve" f(X, Y) = where f(X, Y) is a monic irreducible 
polynomial of degree U = n in Y over k((X)); to do this we take a "fractional meromorphic" root y(X) of f(X,Y) = 
with y(X n ) = z(X) e k((X)), and then after "deforming" y(X) at X w l v we substitute the deformation in f(X, Y) for Y. 
For further motivation see the definitions of e(/, A) and t(f, A) displayed in the middle of the next Section. 

4 It is really not necessary to look up [Ab] for the definitions of the sequences m,d,q,s,r, since they are completely 
redefined in the next three sentences ending with the displayed item (•). 
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and 

di{m{f)) = m (/) = qo(m(f)) = s Q (q(m(f))) = r (q(m(f))) = n 

and 

4(m(/))+2(m(/)) = m /((TO(/))+ i(/) = <7/ l ( m (/) )+ i(m(/)) 

= s h{m{f))+1 (q(m(f))) = r fc(m(/))+ i(g(m(/))) = oo 

and 

= qi(M.f)) = si(q(m(f)))/n = n(g(m(/))) = min(Supp x zi) 

with the understanding that the min of the empty set is oo. Also note that: h(m(f)) = f{X, Y) = Y. 
Finally note that if f(X,Y) ^ Y then for 2 < i < h(m(f)) we have that di(m(f)), rrii(f), qi(m(f)), 
Si(q(m(f))), ri(q(m(f))) are integers with dj(m(/)) > such that: 

di(m(f)) = GCD(mo(/),mi(/), . . . , mi_i(/)), 
mj(/) = min(SuppxZi \ di(m(f))Z), 
(•) S qi(m(f)) = rrii(f) - mj_i(/), 

«i(«(m(/))) = gi(m(/))di(m(/)) + • • • + %(m(/))d i (m(/)), 
k and n(q(m(f))) = Si(q(m(f)))/di(m(f)). 

In the rest of this Section we shall use the abbreviations 

di = d l (m(fj) and s, = Si(q(m(f))) 

for all relevant values of i. Let the sequence c(f) = Ci(f)i<i<h( c (f)) be defined by putting 

h(c(f)) = h(m(f)) and a(f) = rm(f)/n for 1 < i < h(c(f)) 

and let us call this the normalized characteristic sequence of/. Note that then Ci(/) < 02(f) < ■ ■ ■ < 
c h(c(f))(f) are rational numbers, out of which only c\(f) could be an integer. To obtain an alternative 
characterization of the noninteger members of this sequence, for any rational number A, we let 



and 



P(/,A) = 



P*(/,A) 



the unique nonnegative integer < h(c(f)) such that 
Ci(f) < A < Cj (f) for 1 < i < p(f, A) < j < h(c(f)) 

the unique nonnegative integer < /i(c(/)) such that 
Ci(f) < A < Cj (f) for 1 < i < p*(f, A) < j < h(c(f)) 



and 
and 
and 



D (f, A ) = d P+i with P = A) 
D*(f, A) = n/dp.+i with p* = p*(f, A) 
j (s p + (nX - m p (f))d p+1 )/n 2 if p = p(f, A) ^ 

and, for any z £ fc((X)), we let 

A(f,X,z) = l[ ([d i /d i+1 )z[m i {f)] {di,di+l) - 1 ) 



5(/ ' A)= I A ifp = p(/,A) = 



Pif ' X) ■ ■ d i+1 D(f,X)/n 



i=l 

and 



A(/,A,z)=,4(/,A,z)"/W) 
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and 

E(f,X,z,Y) = Y D 'U,>Ur>UM _ z[nX] D-(f,\)/D(f,x) 

and 

E(f,X,z,Y) = E(f,X,z,Y) n / D *^ 

and we call these the A-position, the strict A-position, the A-degree, the strict A-degree, the A- 
strength, the (A, z)-reduced-constant, the (A, z)-constant, the (A, z)-reduced-polynomial, and the 

(A, z)-polynomial of / respectively; note that the above objects p, p* , D, D* , S, A, A, E, and E 
respectively correspond to the objects p(<), D, E, s, B, B, P, and P introduced on pages 326-328 

of [Ab]. We also define the sequence m(f, A) = mj(/, A) <i<h( m (/,A))+i by putting 

h(m(f,X))=p(f,X) and rm(f, A) = rm(f)D(f, A)/n for < * < p(f, A) + 1 

with the understanding that mj(/, A) = oo for i = p(f,X) + 1, and we define the sequence m*(f, A) = 
™*(f, A)o<i</ l ( TO *(/,A))+i by putting 

h(m*(f, A)) = p*(f, A) and m*(f, A) = mi(f)D*(f, X)/n for < * < p*(/, A) + 1 

with the understanding that m*(f,X) = oo for i = p*(f,X) + 1, and we define the sequence c(/, A) = 
Ci(/,A)i<i</,( c (/,A)) by putting 

fc(c(/, A)) = p(f, A) and a(f, A) - Ci (/) for 1 < i < p(f, A) 

and we define the sequence c*(/, A) = c*(/, ^)i<i</ l (c*(/,A)) by putting 

/i(c*(/, A)) = p*(/, A) and c|(/, A) - Ci (/) for 1 < i < p*(f, A) 

and we call these sequences the A-characteristic-sequence, the strict A-characteristic-sequence, 
the A-normalized-characteristic-sequence, and the strict A-normalized-characteristic-sequence 

of / respectively. We also let 

f the set of all (z, U, V, W) G k((X)) x Z 3 such that U = n, W/V = A, 
' ' ~ \ and ({/, V, T4^) G e(z) where z = z{X) G fc((X)) with /(X n , z(X)) = 

and we call this the A-edge of /. Finally we define t(f, A) = t(f, X)(X, Y) to be the unique member of 
B} such that 

*(/, X)(X V , z\X, U, V, W)) = for some (and hence for all) (z, U, V, W) G e(f, A) 

and we call this the A-normalized-truncation of /, and we define t*(f,X) = t*(f,X)(X,Y) to be the 
unique member of R? such that 

**(/, X)(X V , z^*(X, U, V, W)) = for some (and hence for all) (z, U, V, W) G e(f, A) 

and we call this the strict A-normalized-truncation of /; note that on page 294 of [Ab] we have called 
these the open and closed (nA)-truncations of / respectively. 
^From the above definitions of the various objects, we see that 



(NP1) 



' p(f, A) and p*(f, A) are integers with 
0<p(f,X)<p*(f,X)<h(m(f)), and 
D(f, A) and D*(f, X) are positive integers with 

I n/D*(f,X) G Z and D*(f,X)/D(f,X) G Z 
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and 
(NP2) 

and 

(NP3) 

and 

(NP4) 

and 

(NP5) 

and 
(NP6) 



t(f, A) and t*(f, A) are elements of Tfi such that: 
m(t(/,A)) = m(/,A) and m(t*(f, A)) = m*(/,A), 
c(t(f, A)) = c(/, A) and c(t*(f, A)) - c*(/, A), 
degyt(/, A) = £>(/, A) and deg Y t*(f, A) - £>*(/, A), and 

h{m(t(f, A))) = h(c(t(f,X)))=p{f,X) and h(m(t*(f, A))) = h(c(t*(f, A))) = A) 

J A, z) G fc and A(.f, A, z) = A(f, A, z)™/ D (/> A ) G fc are such that: 
\ if /(X", z(A)) = then A(f, A, z) + ^ !(/, A, z) 

£(/,A,z,y) =^(W)/W) _ z[nA ]D-(/,A)/D(/,A) g k[Y ] 
and £(/, A, z, Y) = E(f, A, z, Y) n / D *^'^ G fc[Y] 

are monic polynomials of degrees D*(f, X)/D(f, A) and n/D(f, A) respectively, 
where z[nA] G fc is such that: z[nA] ^ O nA e Suppxz 



( D*(f,\)/D(f,\)>l 
O A = Ci(/) £ Z for some i G {1, . . . , /i(c(/))} 
<£4> A, z, y) has more than one root in k 

for any z = z(X) G fc((X)) with f(X n , z{X)) = 



f A) G Q is such that: 

I if (z, U, V, W) G e(/, A) then S(f, X)nV 



With this preparation, what we have called Newton Polygon (3) on page 334 of [Ab] can be restated 
by saying that: 



(NP7) 



' if (z, U, V, W) G e(/, A) 

then ov& x f(X v , z*(X, U, V, W, Y)) = S(f, \)nV 
k and inco x f{X v , z*(X, U, V, W, Y)) = A(f, A, z)E(f, A, z, Y). 



In view of (NP3) and (NP5), the last line of (NP7) tells us that the noninteger members of the sequence 
Ci{f)i<i<h(c(f)) are exactly those values of A for which incox(/(A y , z(X, U, V, W, Y)) has more than one 
root in k; this then is the alternative characterization we spoke of. 

Given any other /' = f'(X,Y) G of F-degree n', by Newton's Theorem 

f'(X n ',Y)= [] lY-z'j(X)] with z'^X) e k((X)). 

l<j<n> 

Recall that on page 287 of [Ab] the contact cont(/, /') of / with /' is defined by putting 

cont(/,/') = max{(l/n')ord x [z J (A™') - z' y (X n )\ : 1 < j < n and 1 < f < n'}. 

We define the normalized contact noc(/, /') of / with /' by putting noc(/, /') = (l/n)cont(/, /'), i.e., 
equivalently, by putting 



noc(/, /') = max{(l/(nn'))ord x [z J (A n ') - zUX n )] : 1 < j < n and 1 < / < n'}. 
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We note that if / ^ f then noc(/, /') is a rational number, and if / = /' then noc(/, /') = oo. We also 
note the Isosceles Triangle Property which we shall tacitly use and which says that 

r /" G noc(/,/") > min(noc(/,/'),noc(/',/")) 

(ITP) I and 

( /" G with noc(/, /') + noc(/', /") =► noc(/, /") = min(noc(/, /'), noc(/', /")). 
In view of the Confluence Lemmas given on pages 338-344 of [Ab] we see that 
( if A < A' = noc(/, /') 



(GNP1) 
and 

(GNP2) 
and 

(GNP3) 
and 

(GNP4) 



then p(f>, A) = p(f, A), D(f>, A) = D(f, A), S(f>, A) = S(f, A), 
m(f, A) = m(f, A), c(f, A) = c(/, A), t(f, A) = *(/, A), 
and A(f',X,z') = A(f,X,z) 

where we have chosen z = z(X) and z' = z'(X) in k((X)) such that 
I /(X»,2(X)) = = f'(X n ',z'(X)) and (l/(rm'))ord x [z(A"') - z'(X n )] = A' 

f if A < A' = noc(/, /') 
then p*(f>, A) = p*(f, A), D*(f, A) = £>*(/, A), 
m*(/', A) = m*(f, A), c*(/', A) = c*(f, A), **(/', A) = t*(f, A), 
and ^(/', A, z', Y) = E(f, A, z, Y) 

where we have chosen z = z(X) and z' = z'(X) in k((X)) such that 
I f(X n ,z(X)) = = f'(X n ',z'(X)) and (l/(nn'))ord x [^(X™') - z'(X n )} = A' 

f if A = A' = noc(/, /') 
then E(f, A, z', Y) and A, z, Y) do not have a common root 
where we have chosen z = z(X) and z' = z'(X) in k((X)) such that 

I = = f(X"V(X)) and (l/(nn'))ord x [z(X"') - z'(X n )} = A' 



if A < A' = noc(/, /') and (z, U, V, W) £ e(f, A) 
then S(f, X)n'V G Z. 



What we have called Generalized Newton Polygon (6) on page 346-347 of [Ab] can now be restated 
by saying that: 



(GNP5) 



and 



(GNP6) 



if A < A' = noc(/, /') and (z, U, V, W) G e(f, A) 
then ovdxf {X v , z^{X, U, V, W)) = S(f, X)n'V 
and m C o x f'(X v , z^{U, V, W, Y)) = A(f, A, z')E{f , A, z', Y) 
where we have chosen z' — z'(X) G k((X)) such that 
i f'(X n ',z'(X)) = and (1 / \nn' ')) or d x [z(X n ') - z'(X n )} = A' 

if A > A' = noc(/, /') and (z, U, V, W) G e(f, A) 
then oid x f'(X v , z*(X, U, V, W)) = S(f, X')n'V 

and ^ mco x f(X v , z*(U, V, W, Y)) = A(f, A', z')E(f, A', z', z[nX\) G k 
where we have chosen z' = z'(X) G k((X)) such that 
, f'(X n ',z'(X)) = and (l/(nn'))ord x [z(X n ') - z'{X n )\ = A' 



8 



and 

(GNP7) 



if A = A' = noc(/, /') and f(X n , z{X)) = with z{X) G k((X)) 
then oid x f'(X n , z{X)) = S(f, X)n'n. 
Finally we note that, for the truncations t(f, A) and t*(f, A), we obviously have 

f noc(/,i(/,A)) >Aand 
I noc(/,i*(/,A)) > A. 



(GNP8) 



Section 4: Truncations and Buds 

To continue discussing truncations, we let R b be the set of all buds in R, where by a bud we mean a 
pair B = (a(B), X(B)) with ^ <t(B) C B} and \{B) E Q such that noc(/, /') > \{B) for all / and /' in 
a(B); we call a(B) the stem of B, and \(B) the level of B; we also let t(B) = {/ e : noc(/, /') > 
A(B) for all /' e <r(B)}, and we call t(B) the flower of B. 5 For any / G and £ e i? b , we let noc(/, B) 
be the rational number defined by saying that if / E t(B) then noc(/, B) = X(B), whereas if / ^ t(B) 
then noc(/, B) equals the common value (see (ITP)) of noc(/, /') as /' varies in t(B); we call noc(/, B) 
the normalized contact of / with B, and we note that: noc(f,B) ^ X(B) noc(/, £?) < \(B) <*=>■ f £ 
t(B). 6 For any / E and A E Q, we let R(f, A) = {B' E R b : f E t(B') and X(B') = X); members of 
R(f,X) may be called A-buddies of /. For any / E R} and B E R\ we let R(f,B) = R(f,noc(f,B)); 
members of R(f, B) may be called B-buddies of /. For any B E R b , we let R(B) = {B' E R b : t(B') = 
t(B) and X(B') = X(B)}; members of R(B) may be called buddies of B. 

Given any bud B, by (GNP1) we see that there is a unique nonnegative integer p(B) , a unique positive 
integer D{B), a unique rational number S(B), a unique sequence of integers m(B) = TOi(-B) <i< p (_B)+i 
with the exception that m p (B)+i = oo, a unique sequence of rational numbers c(B) = Ci(_B) 1 < i < p (^) , a 
unique member t(B) of R\ a unique nonzero element A(B) of k, and a unique nonempty set e(B) of 
triples (z, V, W) with z = z(X) E k((X)) and < V E Z and W E Z, having the Bud Properties which 
say that 

for every / E t(B), upon letting degy/ = n, we have: 
p(f, X(B)) = p(B), D(f, X(B)) = D(B), S(f, X(B)) = S(B), 
m(f, X(B)) = m(B), c(f, X(B)) = c(B), t(f, X(B)) = t(B), 
A(f,X(B),z) = A{B) for &\\z = z{X) E k((X)) with f(X n ,z(X)) = 0, 
and (z, n, V, W) i— > (z, V, W) gives a surjection of e(/, X(B)) onto e(B) 
where z(X) = z\X,n, V, W). 
We call p(B), D(B), S(B), m(B), c(B), t(B), A(B), and e(B), the position, the degree, the strength, 
the characteristic sequence, the normalized characteristic sequence, the normalized trunca- 
tion, the reduced constant, and the edge of B respectively, and we note that then for t(B) we have 
t(B) E t(B), degyt(B) = D(B), m(t(B)) = m(B), 
c(t(B)) = c(B), h(m(t(B))) = h(c(t(B))) = p(B), and 
e(B) = {(z, V, W) : < V E D(B)Z and W = X(B)V E Z and 

z = z(X) E k((X)) with t(B)(X v ,z(X)) = 0}. 
Given any bud B, by (BP1) and (BP2) we see that 
for any B' E R b we have: 
B' E R(B) ~R{B') =R(B) 

^ t(B') n t(B) ^ and X(B') = X(B) 

=> p(B') = p(B), D(B') = D(B), S(B') = S(B), m(B') = m(B), 
c(B') = c(B), t(B') = t(B), A(B') = A(B), and e(B') = e(B) 



(BP1) 



(BP2) 



(BP3) 



5 Basically, the stem a(B) of a bud B = (<j(B), A(B)) is a nonempty set of irreducible meromorphic curves f(X,Y) = 
whose fractional meromorphic roots mutually coincide up to X X ^ B \ and its flower r(B) is the set of all irreducible 
meromorphic curves whose fractional meromorphic roots coincide with the fractional meromorphic roots of members of 
a(B) up to X X( - B K 

6 Equivalently, noc(/, B) can be defined by saying that, for any / G and B S B} , we have noc(/, B) = min{noc(/, /') : 

/' e r(B)}. 
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and by (NP1), (GNP4), (GNP5) and (GNP6) we see that 



(BP4) 



and 



(BP5) 



for any / G t(B), with degyf = n, we have n/D(B) G Z, 
and for any (z, V, W) G e(B) we have 
ord x f(X v , z(X) + X W Y) = S{B)nV G Z 
I and deg y inco x /(X y , z(X) + X W Y) = n/D(B) 



( for any /' G \ r(B) and (z, V, W) G e(B) we have 
^ mcoxf (X v , z(X) + X W Y) G k, 

and for any B 1 G R(f, B), upon letting degyf — n', we have 
{ ord x f(X v , z(X) + X W Y) = S{B')n'V G Z. 



Next we let it** be the set of all strict buds in R, where by a strict bud we mean a bud B such that 
noc(/, /') > X(B) for all / and /' in a(B); we also let t*{B) = {/ G R^ : noc(/, /') > X(B) for all /' G 
a(B)}, and we call t*(B) the strict flower of B. 7 For any / G R* and A G Q we let if (/, A) = {£' G 
if* : / G t*{B') and A(B') = A}; members of if (/,A) may be called strict A-buddies of /. For any 
/ G i?1 and B £ R\ we let R*(f,B) = if (/, noc(f,B)); members of R (f,B) may be called strict 
B-buddies of /. For any B G R\ we let R* (B) = R w n ~R(B); members of R*{B) may be called strict 
buddies of B. Finally for any B G R b * , we let if = {B' G i?*(B) : t*(S') = t*(B)}; members of 
R (B) may be called doubly strict buddies of B. 

Given any strict bud £>, by (GNP2) we see that there is a unique nonnegative integer p*(B), 
a unique positive integer D*(B), a unique sequence of integers m*(B) = m*(B) 0<i<p ,^ +1 with the 
exception that m*,, B -. +1 = oo, and a unique sequence of rational numbers c*(B) = c*(B) 1<i<p ,( B ), a 
unique member t*(B) of R\ a unique monic polynomial E(B,Y) in k[Y], a unique element E (B) in k, 
and a unique nonempty set e*(B) of triples (z, V, W) with z = z(X) G k((X)) and < V G Z and W e Z, 
having the Strict Bud Properties which say that 

for every / G t*(B), upon letting degyf — n, we have: 
p*(f, X(B)) = p*{B) > p(B), D*(f, X(B)) = D*(B) G D(B)Z, 
m*(f,X(B)) = m*(B), c*(f,X(B))=c*(B), t*(f,X(B)) =t*(B), 
(SBP1) { E(f, X(B),z, Y) = E(B, Y) = y- D *( B )/- D (- B ) - E (B) 

for all z = z(X) G k((X)) with f(X n ,z(X)) = 0, 

and (z, n, V, W) ^ (z, V, W) gives a surjection of e(/, X(B)) onto e*(B) 
where z(X) = z^*{X,n, V, W). 

We ca!lp*(B), D*(B), m*(B), c*(B), t*(B), E(B, Y), E (B), and e*(B), the strict position, the strict 
degree, the strict characteristic sequence, the strict normalized characteristic sequence, the 
strict normalized truncation, the reduced polynomial, the polynomial constant, and the strict 
edge of B respectively, and we note that then for t*(B) we have 

f t*(B) G t*(B), deg Y t*(B) = D*(B), m(t*(B)) = m*{B), 
c(t*(B)) = c*(B), h(m(t*(B))) = h(c(t*(B))) =p*(B), and 
e*(B) = {(z,V,W) : < V G D*(B)Z and W = X(B)V G Z and 

z = z(X) G k{(X)) with t*(B)(X v ,z(X)) = 0}. 



(SBP2) 



7 Again, basically, the stem cr(B) of a strict bud B = (o(B), X(B)) is a nonempty set of irreducible meromorphic curves 
f(X,Y) = whose fractional meromorphic roots mutually coincide thru and its strict flower t*(B) is the set of 

all irreducible meromorphic curves whose fractional meromorphic roots coincide with the fractional meromorphic roots of 
members of a{B) thru X X(B ~> . 
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Given any strict bud B, by (SBP1) and (SBP2) we see that 

' for any B' G R b * we have: 
B' G R**(B) &R**(B') = R**(B) 
(SBP3) { t*(B') n t*(B) ^ and \(B') = X(B) 

=> p*(B') = p*{B), D*(B') = D*{B), m*(B') = m*{B), c*{B') = c*{B), 
t*(B') = t*(B), E{B', Y) = E(B, Y), and e*(B') = e*(B) 

and by (NP1) and (GNP5) we see that 



(SBP4) 



for any / G t*{B), with degy/ = n, we have n/D*(B) G Z, 
and for any (z, V, W) G e(B) we have 

mco x f(X v ,z{X) + X w Y) = A(B) n / D ^E(B, Y) n / D "( B l 



Given any bud B, by (NP2), (NP4) and (GNP3) we get the Mixed Bud Properties which say 
that 



(MBP1) 
and 

(MBP2) 
and 

(MBP3) 



' for any B' G R* (B) and B" G R* (B) we have: 
E(B', Y) ^ E(B", Y) <s> t*(B') ^ t*(B") 

^T*(B')r\T*(B") = 

E(B', Y) and E(B", Y) have no common root in k 

for any B' G R* (B) we have: 
Eo(B') = B' G R*(t(B), B) 

p*(B') = p(B'), £>*(B') = £>(B), m*(B') = m(B'). 

c*(B') = c(B'), t*(B') = t(B'), and e*(B') = e(B') 



{for any £?' € 
p*(B')=p* 



G i? {B)\R (t(B),B) and B" G R {B)\R (t(B),B) we have: 
(£?"), £>*(£') = D*(B"), m*(B') = m*{B"), and c*(B') = c*{B"). 



Section 5: Contact Sets 

Given any F = F(X, Y) G R of y-degree iV, we can write 

F= Yl Fj where F = F (X) G 

0<j< X (F) 

and 

Fj = Fj(X, Y) G R} with degyFj = Nj for 1 < j < x(F) 

and x{F) isi a nonnegative integer such that: x{F) = fl«Fe A:((X)). 8 We define the contact set C(F) 
of F by putting 

C(F) ={ci(Fj) :l<j< x(F) and 1 < i < h(c(Fj)) and a(Fj) Z} 
U {noc(F_,-, F r ) : 1 < j < j' < X (F) with Fj ? Fj,}. 



Upon letting 



1<3<X(F) 



8 In other words, if F 6 fc((X)) then x{F) = 0, whereas if F g k((X)) then x(^) equals the number of irreducible factors 
of F in R. 
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(with the usual convention that the product of an empty family is 1), by Newton's Theorem we have 
F(X N \Y) = F (X N ") I] [Y-z){X)] with z){X)ek{(X)) 

l<j<N 

and by the material on page 300 of [Ab] , as an alternative characterization of C (F) , we get 
C(F) = {{l/N*)or& x [z){X) - z),{X)] : 1 < j < f < N with z){X) ± z),{X)}. 

Note that 

C(F) = & N } ; = 1 for 1 < j < x(F) and F, = Fy for 1 < j < j' < X {F). 
Given any G = G(X, Y) G R of F-degree M, we can write 

G= ]"] G 3 where G = G (X) G K((X)) 

0<j<x(G) 

and 

Gj = Gj{X, Y) G Ffr with degyGj = Mj for 1 < j < X (G) 
and x{G) is a nonnegative integer such that: x(G) = 0«Ge k((Xj). Note that now 

C(FG) = C(F) U C(G) U {noc{F 3 ,G r ) : 1 < j < X (F) and 1 < f < X (G) with F s ^ G f }. 

Let 

J(F,G) = J (XtY) (F,G) 
be the jacobian of F = F(X, Y) and G — G(X, Y) with respect to X and Y, i.e., let 

J(F, G) = F x Gy — G X F Y 

where subscripts denote partial derivatives. Our aim is to produce a factorization of J(F, G) in terms 
of the contact set C(FG). 

In case of F ^ we can write 

F = X Ni P + (terms of X-degree > TV*) 

where 

N i =ovd x (F) and ^ P = P(Y) = inco x (F) G k [Y] with degr(-P) = v. 
Likewise, in case of G ^ we can write 

G = X A,i Q + (terms of X-degree > M ( ) 

where 

M» = ord x (G) and ^ Q = Q(Y) = mco x (G) G k[Y] with dcg y (Q) = p,. 
Now in case of F ^ ^ G we get 

J(F,G) =X Ar *+ M *- 1 (Ar»PQ y - M^PyQ) 

+ (terms of X-dcgrcc > iV" + Af" — 1) 

and hence 

(JE2) ord x J(F, G) > + M" - 1 
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and 

oid x J(F, G) = + M* - 1 <s> N*PQ Y - M S P Y Q ^ 

=> incox J(F,G) = N$PQ Y - M$P Y Q. 

These Jacobian Estimates are basic in getting a factorization of J(F, G) out of C(FG) or, more 
precisely, out of the "tree" T(FG) which, in Section 6, we shall build from C(FG). Moreover, as we shall 
explain in Section 7, most of this set-up works in getting a factorization of any H £ R out of any tree T. 
In Section 8 we shall apply it to the situation when H = J(F, G) = Fy with G = —X. In Section 9 we 
shall consider the general case of H — J(F, G). 

Section 6: Trees 

By allowing the level A(B) of a bud B to be — oo we get the set i?^ of all improper buds B; note that 
any nonempty subset of can be the stem a(B) of an improper bud B; moreover, for any improper bud 
B we have A(B) = — oo and t(B) = R b . We put R b = i? b Ui?^, and we call a member of R b a generalized 
bud. For any B £ R b we let r*(B) = {/ £ t(B) : noc(/,/') > A(B) for some /' £ a(B)}, and we call 
t*(B) the strict flower of B; note that for any B £ R b * this definition coincides with the definition made 
earlier; also note that for any B £ R^ we have t*(B) = RK For any B £ R b we let t'(B) = t(B)\t*(B), 
and we call t'(B) the primitive flower of B. Previously we have defined the normalized contact 
noc(/, B) for all / £ R b and B £ R b ; now we extend this by putting noc(/, B) = — oo for all f £ R^ and 
B £R\ . For any / £ R^ and B £ R b we define R*(f, B) to be the unique member of R b whose stem is 
{/} and whose level is noc(/, B), and we call R*(f, B) the strict B-friend of /; note that then R*(f, B) 
belongs to R b * or i?^ according as B £ R b or B £ R^. For any B £ R b we define R*(B) to be the set 
of all B' £ R b * U B^ such that X(B') = X(B) and cr(B') = t*(B') n a(B), and we call members R*(B) 
strict friends of B; note that cr(B) = Us'ei?*(B) a (B') gives a partition of cr(B) into pairwise disjoint 
nonempty subsets. 

Now the set R b is prepartially ordered by defining B' > B to mean X(B') > X(B) and t(B') C t(B). 9 
For any B' and B in R b we write B' >> B or B « B' to mean B' > B and X(B') > X(B), i.e., to mean 
A(B') > A(B) and t(B') C t(B). For any B' » B in R° we define R*(B',B) to be the unique member 
of R b whose stem is &(B') and whose level is X(B), and we call R*(B', B) the strict £>-friend of £>'; note 
that then R*(B',B) belongs to R b * or R^ according as X(B) ^ — oo or X(B) = — oo. For any B' >> B 
in R b we also put t*(B', B) = t*(R*(B', B)) \ t(B'), and we call t*(B', B) the strict B-flower of B'. 

Let i?" be the set of all trees in R, where by a tree we mean a subset T of R b such that T contains an 
improper bud, and for any B 1 ^ B in T with X(B') = X(B) we have t(B') Ht(B) = 0; note that then the 
prepartial order > induces a partial order on T, and hence in particular T has a unique improper bud; 
we call this improper bud the root of T and denote it by ^^(T); also note that for any B' and B in T 
we have: B' > B B' » B. For any tree T, we put A(T) = {X(B) : B £ T] and we call A(T) the 
level set of T; we define the height h(T) of T by putting h{T) = oo if A(T) is infinite, and h{T) = the 
cardinality of A(T) minus 1 if A(T) is finite; moreover, in case h(T) is a nonnegative integer, i.e., in case 
A(T) is a finite set, we let l(T) — /i(T) <i</ l (T) be the strictly increasing sequence lo(T) < ■ ■ ■ < lh(T)(T) 
such that {lo(T), . . . , l^^iT)} = A(T), and we call Z(T) the level sequence of T. Note that a tree T is 
finite iff its level set A(T) is finite and T has at most a finite number of generalized buds of any given 
level. We put 

R} = the set of all finite trees in R. 

For any generalized bud B in any tree T, we put n(T, B) = {B' £ T : B' > B} and we call n(T, B) 
the B-preroof of T, and we put p(T, B) = {B 1 £ tt(T, B) : there is no B" £ tt(T, B) with B' > B"} and 
we call p(T, B) the B-roof of T. For any generalized bud B in any tree T, we also put t(T, B) = t(B) \ 
U{t(B') : B' £ p(T,B)} and we call t(T,B) the B-flower of T, and we put r*(T,B) = t*(B)\U{t(B') : 
B' £ p(T, B)} and we call r*(T, B) the strict T-flower of B\ note that then r(T, B) = t(B) \ U{t(B') : 
B' £ tt(T, B)} and r*(T, B) = t*(B) \ U{t(B') : B' e tt(T, B)} = r(T, B) \ r'(B). 10 

9 A set is prepartially ordered by > means: a > b and b > c implies a > c. It is partially ordered if also: a > b and b > a 
implies a = b. 

10 For printing convenience we may write U{r(_B') : B' £ p(T, B)} instead of U#/ £ P (t,b)t(B'), with similar notation for 
n, E and fj. 
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A tree T is said to be strict if for every A G A(T) we have a(R 00 (T)) = U BeT (\)(j(B) where is 
the set of all B G T with \{B) = A. Given any A G Q U {-oo}, by (ITP) we see that / ~ A /' gives an 
equivalence relation on B} where / ~a /' means noc(/, /') > A. It follows that, given any a C B} and 
AcQ, there is a unique strict tree T(a, A) with A(T(a, A)) = {-00} U A such that a(R oc (T(a, A))) = a 
or {Y} according as a is nonempty or empty; we call T(a, A) the A-tree of tr; note that, if a is nonempty 
then, for every A G A, the stems of the buds of T(a, A) of level A are the equivalence classes of a under 
^a; likewise, if a is empty then, for every A G A, the stem of the unique bud of T(a, A) of level A is {Y}. 
We put 

p}* = the set of all finite strict trees in B 

and we note that for any BeTe with X(B) = k for some i < h(T) we have p(T, B) = {B' G T : 
A(-B') = h+i} and a(B) = U B / 6p ( T B \ &(B') which is a partition of cr(B) into pairwise disjoint nonempty 
subsets. For any F G R, with its monic irreducible factors F\, . . . , F X ( F ^ as in the previous Section, we 
put 

T(F) = f({F 1 ,...,F x{F) },C(F)) 

and we call T(F) the tree of F, and we note that then T(F) G R}* . 

A tree T' is a subtree of a tree T if for every B' G T' there exists some (and hence a unique) B G T 
such that cr(-B') C cr(B) and X(B') = X(B). Every tree is clearly a subtree of the universal tree 
T(R},Q), which is a strict tree of infinite height. 11 

Remark (TR1). Basically we are interested in comparing the tree T{FG) of the product of two members 
F and G of R with the tree T(J(F, G)) of their jacobian. In case of G = —A, this reduces to comparing 
T(F) with T(F Y ). 

Remark (TR2). For the benefit of the readers (and ourselves) we shall now describe three examples of 
the tree T(F) of various types of F G Rr. 

Example (TR3). First, here is an example of F G R$ which is irreducible and has only one characteristic 
exponent, i.e., with x{P) = 1 an d h(m(F)) = 1. Namely, let 

KneZandO^eeZ with GCD(n, e) = 1 

and 

F = f = f(X,Y)=Y n + MX)Y n ~ l 

l<i<n 

where Wi{X) G k((X)) is such that 

oidxWi(X) > ie/n for 1 < i < n — 1 and ordxW n (X) = e 

and let k be the coefficient of X e in w n (X), i.e., let 7^ k G fc be such that ordx(w n (X) — nX e ) > e. 
Then / is irreducible in RH, and we have the Newtonian Factorization 

f(X n ,Y)= [] lY-Zj(X)} 

l<j<n 

where Zj(X) G k((X)) is such that 

Zj(X) = lo° n*X e + (terms of degree > e in X) 

11 This universal tree is like the ASHWATTHA TREE of the Bhagwad-Gita. The stem of its root contains the embryos 
of all the past, present and future creatures in nascent form. Its trunks travel upwards first comprised of large tribes and 
then of smaller and smaller clans. Its "ultimate" shoots reaching heaven are the individual souls eager to embrace their 
maker. 
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where lu is a primitive n-th root of 1 in k, and n* is an n-th root of — k in fc. 
To see this, first note that f(X n ,X e Y) = X ne g(X,Y) where 

g(X,Y)=Y n + <X)Y n -' 

l<i<n 

and Vi(X) = X- ie Wi (X n ) G k[[X]} is such that 

i>,(0) = 0forl<i<n— 1 and v n (0) = k. 

Now g(0, Y) = Y n — k* u , and hence we get the desired factorization by applying Hcnsel's Lemma. Since 
GCD(n, e) = 1, we see that / is irreducible in W. 

The above factorization of / yields h(m(f)) = 1 with 

m {f) = qo(m(f)) = s (q(m(f))) = r Q (q(m(f))) = n and di(m(/)) = n 

and 

™i(/) = qi(m(f)) = si(q(m(f)))/n = n(q(m(f))) = e and d 2 (m(f)) = 1. 

Therefore 

C(F) = C(f) = { Cl (/)} with Cl (/) = e/n. 

Hence h(T(f)) = 1 with 

lo(T(f)) = -oo and /i(T(/)) = Cl (/) = e/n 

and upon letting 

B 4 G ^ b with <r{B t ) = {/} and A(B 4 ) = / 4 (T(/)) for < i < 1 

we have 

T(F)=T(f) = {B ,B 1 } 

with 

D'(B ) = and D' {B^ = n - 1. 

Note that for F to be analytic, i.e., for it to belong to the ring fc[[X]][Y], the condition e > 
is necessary and sufficient. However, for F to be pure meromorphic, i.e., for it to belong to the 
ring fcpf" 1 ]^], i.e., for the existence of <!>{X,Y) e k[X,Y] with F(X,Y) = ^(X- 1 ^), the condi- 
tion e < is necessary but not sufficient, As a specific illustration of the analytic case we may take 
(n,e) = (4,5) and { Wl (X), . . . , w n ^(X), w n {X)) = (0, . . . , 0, X 5 ), giving us F{X,Y) - Y 4 + X 5 . 
Similarly, as a specific illustration of the pure meromorphic case we may take (n, e) = (4, —3) and 
{w 1 (X),...,w n - 1 (X),w n (X)) = (0,...,0,X- 3 ), giving us F(X,Y) = Y 4 + X~ 3 , i.e., F(X, Y) = 
^(X' 1 , Y) with Y) = Y 4 + X 3 . 

Example (TR4). Next, here is an example of F G W which is irreducible and has two characteristic 
exponents, i.e., with x{F) = 1 an d h(m(F)) — 2. Namely, let 

F = f = f{X, Y) = (Y 2 - X 2a+1 f - X 3a+b+2 Y with a G Z and < b G Z. 
Then / is irreducible in W , and we have the Newtonian Factorization 

f(X 4 lY )= [] [Y-zjiX)} 

1<j<4 

where Zj(X) G k((Xj) is such that 

Zj (X) = (i j X) 4a+2 + l( L i X) 4a+2b+3 + (terms of degree > 4a + 2b + 3 in X) 
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where i is a primitive 4-th root of 1 in k (e.g., i = the usual i). 

To sec this, first note that f{X i 1 X ia+2 Y) = X Wa+s g(X,Y) where 

g{X,Y) = (Y 2 - l) 2 - X 4b+2 Y. 

Now for j = 1 or —1, upon letting g 3 (X, Y) = g(X, Y + j) we have 

g 3 (X, Y) = (2j + Y) 2 Y 2 - j(l + jY)X 4b + 2 

and hence (say by the Binomial Theorem) we get 

g,(X, Y) = [(2j + Y)Y - f9(Y)X 2b+1 ] [(2j + Y)Y + f 9(Y)X 2b+1 ] 

where 

oo 

8(Y) = 1 + (jY/2) - 1 x 3 x • • • x (2* - 3) x {-jY/2y/i\ 

i=2 

and f = l 2 or l according as j = 1 or —1, and therefore (say by the Weierstrass Preparation Theorem) 
we have 

g(X,Y)= J] [Y-y 3 (X)] 

l<j<4 



where y 3 {X) G is such that 

y 3 (x) = (-iy 



1 + ^(i j X) 2b+1 + (terms of degree > 2b + 1 in X) 



Since /(X 4 , X ia+2 Y) = X 16a+8 g{X, Y), we get the above factorization of /(X 4 , Y). Since the GCD of 4 
with the support of z\(X) is 1, we conclude that / is irreducible in R\ i.e., x{F) = 1- 
The above factorization of / yields h{m(f)) = 2 with 

mo(f) = «b(m(/)) = «o(g(m(/))) = r (g(m(/))) = 4 and di(m(/)) = 4 

and 

mi(/) = gi(m(/)) = *i(«(m(/)))/4 = n(g(m(/))) = 4a + 2 and d 2 (m(/)) = 2 

and 

m 2 (/) = 4a + 26 + 3 and q 2 (m(f)) = 26+1 

and 

S2(q{m(f))) = 16a + 46+ 10 and r 2 (q(m(f))) = 8a + 26 + 5 and d 3 (m(f)) = 1. 

Therefore 

C(F)=C(/) = { Cl (/),c 2 (/)} 

with 

ci(/) = (2a + l)/2 and c 2 (.f) = (4a + 26 + 3)/4. 
Hence a(T(/)) = 2 with Z (7 1 (/)) = -oo and 

h(T(f)) = ci(/) = (2a + l)/2 and J 2 (T(/)) = c 2 (/) = (4a + 26 + 3)/4 

and upon letting 

B t G ^ b with cr(B 4 ) = {/} and A(B 4 ) = h(T(f)) for < i < 2 

we have 

T(F)=T(f) = {B ,B u B 2 }. 
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with D'(B ) = and 

D'{B{) = 1 and D'(B 2 ) = 2. 

As a specific illustration of the analytic case we may take (a, b) — (1,0), giving us F(X,Y) = (Y 2 — 
X 3 ) 2 — X 5 Y. Similarly as a specific illustration of the pure meromorphic case we may take (a, b) = (—1,1), 
giving us F(X,Y) = (Y 2 - X' 1 ) 2 - Y, i.e., F(X,Y) = <5>{X-\Y) with <!>(X,Y) = (Y 2 -X) 2 -Y. Note 
that this $ is a variable in the sense that k[X, Y] = fc[<&, for some * in k[X, Y]; in our situation we 
can take *(X, Y) = Y 2 - X. 

Example (TR5). Finally here is an example of F G which has two factors, i.e., with x(-F) = 2. 
Namely, let 

0<neZandaeZand0<6eZ 

and 

F = F{X, Y) = Y n+2 + Ui{X)Y n+2 - 1 

2<i<n+2 

where Ui(X) e k((Xj) is such that 

OTdxUi(X) > i(a + 1) for 3 < i < n + 1 

and 

ord x u 2 (X) = 2a+l and ord x u n+2 (X) = (n + 2) (a + 1) + b 

and let ^ k' G k and ± k G k be the coefficients of X 2a+1 and x ( - n+2 ^ a +^ +b in u 2 {X) and u n+2 (X) 
respectively. Then 

F(X,Y) = f(X,Y)f'(X,Y) with f(X,Y) ? f(X,Y) 

where 

f{X,Y) = Y n + J2 MX)Y n - 1 G & and Wi (X) G k((X)) 

l<i<n 

with 

{ovdxWi(X) > ie/n for 1 < i < n — 1 and ordxw n (X) = e + b 
for the integer e = na + n + 1 for which GCD(n, e) = 1 

and 

/'(x,y) = r 2 + Y, «4 W _i e ^ and ^(X) g fc(PO) 

1<«<2 

with 

f ord x wi(X) > e'/2 and ord x w 2 (X) = el 

\ for the integer e' = 2a + 1 for which GCD(2, e') = 1 

and ^ k' E k and ^ k/k' G fc are the coefficients of X e and X e+fc in w' 2 (X) and w„(X) respectively. 
Moreover, if b = then we also have /(X, y) £ R\ 

To see this, first note that F(X,X a Y) = X na+2a g(X,Y) where 

g(X,Y) = Y n+2 + ViWY^ 2 -* 

2<i<n+2 

and Vi(X) = X- la Ui (X) G fc[[X]] is such that 

ord x Vi{X) > i for 3 < i < n + 1 

and 

ord x v 2 (X) = 1 and ordxv n+2 (X) = n + 2 + b 

and / k' e i and ^ k G k are the coefficients of X and x n+2+b in t>2p0 and w„+2(A) respectively 
Now the initial form g(X 7 Y) is n' XY n which factors into the coprime factors k'X and Y n , and hence by 
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the Tangent Lemma incarnation of Hensel's Lemma (cf. pages 140-141 of Abhyankar's 1990 AMS book 
"Algebraic Geometry For Scientists and Engineers") we can find <f>(X,Y) and <j>'(X,Y) in k[[X, Y}] such 
that g(X,Y) = <j>(X, Y)<j>'{X, Y) and 

cf>(X, Y) = Y n + 4> n +i(X, Y) + (terms of degree > n + 1 in X and Y) 

and 

<t>'{X, Y) = k'X + 4>' 2 (X, Y) + (terms of degree > 2 in X and Y) 

where <j> n+ i(X,Y) G k[X,Y] is homogeneous of degree n+1 and <j>' 2 (X,Y) G k[X,Y] is homogeneous of 
degree 2 (with the understanding that the zero polynomial is homogeneous of any degree). Comparing 
terms of degree n + 2 in the equation g(X, Y) = <j>(X, Y)<j>'(X, Y) we get 

K r X(f) n+ i(X, Y) + Y n <j>' 2 (X, Y) = Y n + 2 + mX i Y n+2 - i 

2<i<n+2 

where k 2 G k is the coefficient of X 2 in v 2 (X) — k'X, and m G k is the coefficient of X 1 in Vi(X) for 
3 < i < n+2. Successively putting X = and Y = in the above equation we see that 4>' 2 (0, Y) = Y 2 and 
4> n +\ (X, 0) = K n+2 X n+1 . Therefore, in view of the Weierstrass Preparation Theorem, we can find 9(X, Y) 
and 9\X,Y) in with (9(0,0) ^ ^ 9' (0,0) such that upon letting f(X, Y) = 6(X,Y)<j)(X,Y) 

and /'(A, Y) = 6'(X, Y)<j>'(X, Y) we have g(X, Y) = f(X, Y)f'(X, Y) and 

f(X,Y) = Y n + Wi{X)Y n ~ i and Wi(X) G 

l<i<n 

with 

ovdxWi{X) > i(n + l)/n for 1 < i < n — 1 and ordjfW„(A) = n + 1 + b 

and 

/'(A,y)=r 2 + ]T w-(X)F 2 ~* and w-(A) G k[[X]] 

l<i<2 

with 

ordx^i(A) > 1/2 and oy& x w' 2 {X) = 1 

and 7^ «/ G fc and 7^ «;/«/ G k are the coefficients of X and x™ +1+b in w 2 (A) and w n (X) respectively. 
Now upon letting f(X,Y) = X na f(X,X~ a Y) and f(X,Y) = X 2a f(X, X~ a Y), we get the desired 
factorization of F(X, Y). Since (n,e+ b) ^ (2,e'), we also get / 7^ /'. By (TR3) it follows that /' is 
irreducible in R\ and if b = then so is /. 

Now assuming 6 = and n > 1, in view of (TR3), the factorization of f 1 tells us that h(T(Fj) = 2 
with 1 {T(F)) = -00 and 

Zi(T(F)) = a + (1/2) and h{T(F)) = a + 1 + (1/n) 

and upon letting 

' B G i? b with <t(B ) = {/, /'} and X(B ) = l (T(F)), 
and Si G fi b with ct(Bi) = {/, /'} and A(-Bi) = h(T(F)), 
and B 2 G R b with ct(B 2 ) = {/} and \{B 2 ) = l 2 (T(F)), 

, and 5 2 G fi b with a(B' 2 ) = {/'} and A(5 2 ) = l 2 (T(F)), 

we have 

T(F) = {B ,B 1 ,B 2 ,B' 2 } 

with D'(B ) = and 

D'(Bi) = 2 and D'(-B 2 ) = n - 1 and £>'(-B 2 ) = 0. 
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As a specific illustration of the pure meromorphic case, taking a = — 1 and (u2(X), u n +2{X)) = 
(k'X- 1 , k) with k' ^ o ^ K in fc and = ^ G fc for 3 < i < n + 1, we get Y) = F) 

where 

3<i<n+l 

with 

7^ k' G k and ^ k G k and /tj G k for 3 < i < n + 1. 
Section 7: Slices 

Given any if = H(X, Y) G i? of F-dcgrcc 0, we can write 
(SP1) B = J j Hj where H = H (X) <E k((X)) 

0<j<x(H) 

and 

(SP2) if j = ifj(X, F) G i? h with degyflj- = 3 for 1 < j < X (H) 
and x(B) is a nonnegative integer such that: x{H) = <^=> if G fc((X)). Now 

(SP3) H = B #oc with fi^ = J] H i 

l<j<x(H) 

where we note that H x G R\ and we call H^ the monic part of if. 
We put 

(SP4) n B (H) = [ j Hj for all B e & 

1<3<X(H) with HjeT(B) 

and we call fl B (H) the B-slice of if, and we note that then Q B (H) G W, and we recall that 

for all B G B) we have 



(SP5) 



We also put 



r(B) = {/ G : noc(/, /') > A(B) for all /' G (7(5)}. 



(SP6) Q {TtB) (H)= || ffj for all B G T G f?» 

l<7<x(if) with Hjer(T,B) 



and we call fi( TiB )(B) the (T, B)-slice of if, and we note that then f2( TB )(B) £ Bj, and we recall that 
(SP7) 



( for all B G T G B) we have 
r(T, B) = t(B) \ U B , ep(T . B) T(B>) = r(B) \ U B , e7r{T . B) T(B>) 
where tt(T, B) = {B'eT:B'> B} 
I and p(T, B) = {B' G tt(T, B) : there is no B" G tt(T, B) with B' > B"}. 



Clearly we have the Slice Properties which say that 
(SP8) H 00 = fl B (H) for all BgB^, 

and 

(SP9) CIb(H) = fl {T ,B){H) J] n B '(H) for all B G T G R* 

B'ep(T,B) 
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(SP11) 



(SP13) 



and hence 12 

(SP10) H OQ = Y[ tt( T ,B)(H) for all T G B} 

where 

for all B G T G R) we have 

degrO( TjS )(i?) = Aeg Y VL B (H) - Y.B'e P {T,B) deg Y fl B >(H). 

By (BP4) we also see that 

f for all B G and (z, V, W) G e(B) and / G r(B) we have 
(SI>12) ^ deg y / = ^(B)dcg y inco x /(X y ,z(X) + X M/ y) G £>(B)Z 

and hence by (BP5) we see that 

( for all B eR b and (z, V, W) E e(B), upon letting H B = Q B (H), 
we have that ^ inco x ff B pC v , zpf ) + X W Y) G fc[Y~] 
with degyQ s (ii") = L»(S)deg y inco x i/ i j(^ y , zpO + X W Y) G D(B)Z 
and inco^Hpf y , + X W Y) = M inco x H B (X v , z(X) + X W Y) 
k where /i G fc is such that: /U = <^=> i? = 0. 

The factorization (SP10) can be refined further. To see this we first put 
(SP14) 0' B (F) = |~[ Hj for all B E R b 

^<3<x(H) with Hj Gr' (-B) 

and we call W B (H) the primitive £>-slice of and we note that then Sl' B (H) G i? 11 , and we recall that 
for all B 6 R) we have 

r'(B) = {/ G r(B) : noc(/, /') = X(B) for all /' G a(B)}. 
Next we put 

(SP16) tt* B (H) = '[I H o for a11 BeR b 

l<j< X (H) with H,er'{B) 

and we call Q* B (H) the strict 5-slice of H, and we note that then W B (H) G i? 11 , and we recall that 

' for all B e R b we have 
(SP17) <! t*(B)=t(B)\t'(B) 

= {/ G r(B) : noc(/, /') > X(B) for some /' G n{B)}. 



(SP15) 



12 In the innocent looking formula (SP10), there is more than meets the eye. Indeed it is the central theme of the paper. 
It says that any finite tree T gives rise to a factorization of the monic part Haa of any meromorphic curve H into the 
pairwise coprime monic factors Q( T s j(_ff) with B varying in T. Formula (SP20) gives a further factorization of f2( T B j 
into the two coprime monic factors Q' B (H) and f2^ T g ^(H). When the finite tree T is strict, formula (SP30) gives a still 
further factorization of fl^ T g ^(H) into the pairwise coprime monic factors £l* B , B ^{H). Item (SP50) gives a condition 
for the factorization of Hoc, to consist only of the factors Q' B (H), and Item (SP80) gives a companion to this condition. 
The remaining Items (SP1)-(SP9), (SP11)-(SP19), (SP21)-(SP29), (SP31)-(SP49), and (SP51)-(SP79), give us details about 
these factors, such as their Y-degrees, and hence in particular the information as to which of these factors are trivial (i.e., are 
reduced to 1) and which are not. Out of these Items, the most noteworthy are labelled as (SP40), (SP60), and (SP70). Now 
roughly speaking, Qg(H) collects together those irreducible monic factors of H whose normalized contact with members 
of cr(B) is at least \(B), and out of these only those are kept in Q' B (H) whose normalized contact with members of o(B) 
is exactly X(B'), while the remaining are put in Q B (H). A similar description prevails for Q( T ^(H), Q* T B ^(H), and 
^(s' ^ s we snal l see m t Qe next two Sections, more details about these factorizations can be given when T and H 

arc somehow related. 
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We also put 
(SP18) 



ft*T,B)( H )= II "j 

1<3<X(H) with Hj Gr* {T,B) 



Hi for all B G T G i?» 



and we call ^ (iJ) the strict (T, £?)-slice of H , and we note that then B ^ (H) G ii', and we recall 
that 



(SP19) 

Now clearly 
(SP20) 
where 

(SP21) 

and 

(SP22) 



' for all B G T G W* we have 
t*(T,B)=t(T,B)\t'(B) 

= t*(B) \ U B , ep(T , B) r(B>) = r*{B) \ U B >eAT,B)T(B'). 



tt(T,B)(H) = n' B (H)n* {TB) (H) for all B G T G i? s 



J for all B e R b we have 

I degy^(ff) = dcg y O B (H) - deg Y n* B (H). 

for all S G T G we have 

deg Y n* {TB) (H) = deg Y n B (H) - T, B >e P (T,B) deg Y Q B <(H). 



To describe the above ^-degrees more precisely, given any z = z(X) G k((X)), < V G Z, and 
G Z, we define the modified X-initial-coefRcient of H relative to [z,V, W], to be denoted by 
mincoxl^, V, W](H), by putting 

minco x [z, V, W](H) = mco x H(X v , z{X) + X W Y) 

and, given any a C R, we define the strict X-initial-coefficient of (H,a) relative to [z,V,W], to be 
denoted by sincox^, V, W](H, a), and the primitive X-initial-coefficient of (H,a) relative to [z, V, W], 
to be denoted by pincox[2, V, W](H,a), by saying that 

f if H = then 

\ we have sinco^ [z, V, W] (H, a) = 1 = pincox [2, V, W] (i? , <r) 



whereas 



Recall that 



(SP23) 



if H then, upon letting 

mincox[z, V, W](H) = ^ Ui^^O^ - Mi) with 7^ /io G A: and ^ G fc 
and Q f (Y) = mincox[z, V, W](f) for all / G o= 
and C7* = {i G {1, . . . , v} : 6/(/U,) = for some / G ex} 
and <r' = {i G {1, . . . ,v} : 6/(Mi) ^ for all / G a}, 
we have sincox[z, V, W]{H, a) = l\ ieu , (Y - ^ 
{ and pmco x [z,V,W](H,a) = riie<x'( y _ Mi)- 

for all B G R b we have ^ A(B) G k, 
and for all B G we have 

£(fl,y) = y -£ (5) with Eq(B) G jfe. 
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Now by (MBP2) we see that 

for any B e R b * we have: 



(SP24) 



E (B) = ^ B e R*(t(B), B) 

D*(B) = D(B) and t*{B) = t(B) 
and A(B) ^ a(B) for 1 < i < p*(B). 



and by (MBP1) we see that 

f for any B 1 and B" in i? b * with r(B') = t(B") and A(B') = X(B") we have: 
I r* (£>') n r* (B") = <S> E(B',Y) and £(B",F) have no common root in k 

and by (SBP4) we see that 

f for all B G B b * with (z, V, W) G e(B) and / G r*(B) with dcgy/ = n 
I we have minco x [z, V, W] (/) = A(B)E(B, Y) n / D * ^ 

By (SP25) and (SP26) we conclude that 

' for all Beff and (z, V, W) G e(B) we have 

that sinco x [z, V,W}{H,a(B)) G fc[Y] is monic in Y 
(SP27) I with dcgy^(B) = D(B)deg Y smco x [z,V,W}(H,a(B)) G B(B)Z 

and pincox[2, V, W](B, c(B)) G fc[Y] is monic in Y~ 
, with deg Y fl' B (H) = D(B)deg Y pmco x [z,V,W}(H,a(B)) G D(B)Z. 

The factorization (SP20) can be refined still further when the finite tree T is strict. To see this we put 

Hj for all B' » B in R b 



(SP28) 



n 



iB, B) (H)= n 

l<i<x(«) with Hj£T*(B',B) 



for all B' >> B in B b we have 
t*(B',B) = t*(R*(B',B))\t(B') where 

R*(B',B) G B b is given by <r(R*{B',B)) = a(B') and X(R*(B',B)) = X(B). 



n 



(T,B)(H)= II n (B',B)( ff ) for all B 6 T e ii"* 

B'ep(T,B) 



and we call b)(-^0 tnc strict (£?', B)-slice of B, and we note that then B \{H) G Bj, and we 
recall that 

(SP29) 

Now clearly 
(SP30) 

where 
(SP31) 
and 

(SP32) 



' for all B G T G B» and B' G p(T, B) we have B' >> B in B b , 

and in turn for all B' » B in i? b we have 
, degyfi^, iB) (fr) - dcg Y n* R , {B , B) (H) - deg Y tt B '(H) 



for all B G T G B tt * with A(B) = Z h(T) we have p(T, B) = 0, 
whereas for all B G T G B** with A(B) = for some i < h(T) we have 
p(T, B) = {B'eT: X(B') = X l+1 } and *(B) = ]l B >e P (T,B) 
which is a partition of cr(B) into pairwise disjoint nonempty subsets. 
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To get more information about £1 B (if) , first we recall that 
(SP33) 



' for any / g R} and B g R\ 

R*(f, B) is the unique member of R w U R? x with a(R*(f, B)) = {/} 
, such that \(R*(f,B)) = min{noc(/, /') : /' g t(B)} 



and we put 
(SP34) 



S(H,B) 



ord x H (X) + Ei<j< x{H ) OjS(R*(Hj,B)) in case B E R b 
ovd x H (X) + Ei< J < x( H) ovd x H,(X,Y) in case f? G R b x 



(with the understanding that if if = then S^ff, f?) = oo), and we call S(H, B) the B-strength of if, 
and by (BP4) and (BP5) we see that 



(SP35) 

We also put 
(SP36) 



for any B g R b and (z, V, W) g e(B) we have 
ord x if (X y , zpf) + = VS(H, B), 

and for any B G f?^ we have 
oyA x H{X, Y) = S(H,B). 



A**(H, B) = Yl MR*{Hj,B)) for all B g f? b * 

l<7<x(if) with Hjer'(B) 



and we call A**(H, B) the doubly strict inconstant of H, and we put 

(SP37) D**(H,B) = (dcg Y n B (H)) /D*(B) for all B E R b * 

and we call D**(H, B) the doubly strict f?-degree of H, and we note that, in view of (SBP4), 



(SP38) 

and 
(SP39) 



for any B g R b * we have 

^ A**(H,B) g k and < D**(H,B) g Z 

with: £>** (if, B) > (if) ^ 1 



for any B e f? b * and (z, V, W) g e(B) we have 
mmco x [z,V,W](n* B (H)) = A**(H,B)E(B,Y) D "( HB \ 



To collect together information about the F-degrees of fis (if), Q' B (H), Q* B (H), in view of (SP13) and 
(SP27), we see that 

' for any B g R b we have 
deg Y n B (H) = dcg Y n B (H) + deg Y fl B (H) 
and for any (z, V, W) g e(f?) we have 
degyfi' B (fi) - fJ(B)dcg y pinco x [z,y,T^](ff, ( 7(B)) 
(SP40) <( and deg y f7 B (ff) = D(B)dcg Y smco x [z 1 V 1 W]{H, a{B)) 

and if if ^ then we also have 

degymincojf [z, V, W] (if) = degypinco^ [z, V, W] (if, cr(Bj) 

+ dcg y sinco x [z, V, W]{H, a{B)) 
and deg y f7 B (ff) = D(B)deg Y mmco x [z,V,W]{H). 
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Next wc recall that 



(SP41) 

and we put 
(SP42) 



for any B E W we have 

R*(B) = {B 1 E R 9 * U : X(B') = X(B) and a(B') = t*(B') n a(B)} 
and a{B) = U B 'eR*(B) °( B ') 
. which is a partition of ct(-B) into pairwise disjoint nonempty subsets 



R*(H,B) = {B' E R*{B) : Q* B ,(H) ^ 1} for all B E R b 



where we note that R*(H,B) is a finite set whose members may be called the strict B- friends of H. 
We also put 



(SP43) 



D'(B) 



-D{B) + Y, B , 
-1 + Eb< 



B'GR-(B) 



B'eR'(B) 



1 



D*(B') for all B G i? b 
for all B e i?t 



(with the understanding that if R*(B) is an infinite set then D'(B) — oo), and we call D'(B) the 
primitive degree of £?. 13 Moreover we put 



(SP44) 



£>"(£) = 



"^(S) + E/ eCT (B) degy/ for all B E R b 
-l + E feCT ( S )dcg y / forallBei?^ 



(with the understanding that if <r(B) is an infinite set then D"(B) = oo), and we call D"{B) the doubly 
primitive degree of B, 14 and we note that 15 



then dcgy£!s(i7) 



(SP45) 

Now clearly 
(SP46) 

and, in view of (SP23) to (SP26) 
(SP47) 



' if B e R b is such that R*(H, B) = R*(B) 
and ft b {H) is devoid of multiple factors in R, 

D(B)+D"(B) incasc£ei? b 
l + D"(B) incaseBei?^. 



' for all BeR* 
we have Q, B (H) = Q,' B (H)n* B {H) 
and n B (H) = Yl B , eRHHB) n B ,(H) 



' for all B' e i?*(B) with B E R b we know that 

E(B', Y) E k[Y] is monic in Y having no multiple root in k 
k and deg Y E(B',Y) = D*(B')/D(B') = D*(B')/D(B) > 



and 
(SP48) 



for all B' ^ B" in R*(B) with B E R b we know that 
E(B',Y) and E{B" ,Y) have no common root in fc 



13 Observe that if R*(B) is a finite set then D'(B) is a nonnegative integer; in particular, if B £ ii^ then card(i?* (£?)) = 1, 
where card denotes cardinality, and hence D'(B) = 0. We shall use D'(B) mainly when R*(H,B) = R*(B); in that 
situation, R*(B) is obviously a finite set and hence D'(B) is a nonnegative integer. For the use of D'(B) in such a situation, 
see (SP60) and (SP70). 

14 Observe that if u(B) is a finite set then D"(B) is a nonnegative integer. Also observe that Definitions (SP43) and 
(SP44) would look more natural if for every B £ R^ we put D(B) = D*(B) = 1. 

15 An element <I> in R is devoid of multiple factors in R means that <E> 7^ and the ideal <E>R is its own radical in R. 
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and 



(SP49) 



' for all B G R v with (z, V, W) G e(B) wc know that 
mincox[z, V, W](Cl' B (H)) is a nonzero member of k[Y] 
which has no common root with E(B',Y) in fc for any B 1 G R*(B). 



By (SP10) and (SP20) we see that 

for any T G we have: 

H ™ = Y\ B<X . (t)^bet ^s(-^0 ^ degyi/oo = E i?oo ( T )^ BeT degYrJ' B (i7). 



(SP50) 



In the next Section we shall show that (SP50) is applicable when H — F Y where F G i? is devoid of 
multiple factors. In the Section after that we shall apply (SP30) to the case when H is the jacobian 
J(F, G) of F and G in R. To prepare for all this, until further notice, given any B G i? b with 
(z, V, 140 G e ( B ), for cvcr y * = ®( x , Y) e R let us put 



(SP51) 

Then by (SP13) wc sec that 
(SP52) 



$ = Y) = $(X y , + X W Y) 
and 

/($) = minco x [z, V, W}($) = incojf3>- 



deg Y Q B (H) = D(B)deg Y I(Q B (H)) 

and 1(H) = fiI{Q B (H)) 

where fi G k is such that: = H = 0. 



and by the chain rule for partial derivatives we see that 
(SP53) 



Also clearly 

(SP54) 

and 

(SP55) 



if 1(H) k 

then I(H Y ) = (I(H)) Y . 



for any ^S(Y) G k[Y] \k we have 

^ $ Y (Y) G k[Y] with degy* y (y) = -1 + deg Y V(Y) 



for any ^(Y) G k[Y] and /j G fc and < v £ Z we have: 
*(Y) = (Y - nY^'(Y) where *'(T) G k[Y] with ^ 

*y(y) = (y - i u) ,y " 1 *"(y) where *"(y) G k[Y] with *"(/*) ^ 0. 



By (SP46) we see that 
(SP56) 



I(Q B (H)) = I(Q' B (H)) [] Wb>(H)). 

B'£R*(H,B) 



Moreover, by (SP38), (SP39) and (SP47), 



(SP57) 



( for all B' G R*(H, B) we know that 
I(Q* B , (H)) = A**(H, B')E(B', Y) D "( H > B "> 
where ^ A**(H, B') G fc, < D**(H, B') G Z, 
E(B' , Y) G fc[y] is monic in Y having no multiple roots in fc, 

I and deg Y E(B',Y) = D*(B')/D(B) > 0. 



Likewise, by (SP48) and (SP49), 



(SP58) 



( for all B' ^ B" in R*(H, B) we know that 
E(B',Y) and E(B",Y) have no common root in k, 
and we also know that I(£l' B (H)) is a nonzero member of k[Y] 
which has no common root with Y\ B i eR *( H B ) E(B', Y) in k. 



(SP59) 



By (SP51) to (SP58), we conclude that 

f if fifl(JT) + 1 
then deg Y I(n B (H Y )) = -1 + dcg Y I(n B (H)) 
and m B {H Y )) = L(Y) \\ B , eR , {H , B) E(B>, y^**(/j",s')-i 
where 7^ € k[Y] has no common root with Y\ B i eR *( H B ) E(B', Y) in fc 

and deg y L(r) = -1 + dcg Y I(Q' B (H)) + £ B , efl . (jr , B) dcg Y E(B', Y) 
{ with dcg Y E(B\Y) = D*(B')/D(B) for all B' e R*(H,B). 

Now if R*{H, B) = R*(B) then clearly Q s (iT) ^ 1 = fl' B (H) and hence in particular dcg Y I(fl' B (H)) 
and therefore in the situation of (SP59) we get 

degyL(y) = -l+ Yl [D*(B')/D(B)}=D'(B)/D(B) 

and in view of (SP26) we have pincox[z, V, W](H Y , cr(Bj) = fiL(Y) with ^ [i e k, and hence 
deg YP mco x [z,V,W](H Y ,a(B)) = dcg Y L(Y) = D'(B)/D(B). 

Thus 



(SP60) 



' if R*(H,B) = R*(B), 

then Q B (H) ^ 1 
k and dcgypincox [z, V, W](H Y ,a(B)) = D'(B)/D(B). 



In view of (SP40) and (SP51), by (SP59) we see that 
(SP61) 



' if n B (H) 56 1 

then degymincox[z, V, W](H Y ) = -1 + degymincojf [z, V, W](H) 
_ and dcg Y n B (H Y ) = -D(B)+dcg Y fl B (H). 



In view of (SP51), by (SP56) to (SP59) we also see that 

(SP62) D**(H Y ,B') = -1 + D**(H,B') for all B' e R*(H, B). 

By (SP62) it follows that 



(SP63) l 
In view of (SP40), by (SP60) and (SP61) we see that 
(SP64) 



if B e R b * and D**(H,B) > 
then D**(H Y ,B) = -1 + D**(H, B). 



if R*(H,B) = R*(B), 
then degysincojf [z, V, W](H Y , cr(B)) 



[D'{B)/D{B)} + degymincox [z, V, W](H). 
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In view of (SP40), by (SP60) and (SP64) we see that 



(SP65) 



if R*(H,B) = R*(B), 

then deg Y n B (H Y ) = —D(B) + deg Y Cl B (H) 
and dcg Y fl' B (H Y ) = D'{B) 
I and deg Y n* B (H Y ) = —D(B) - D'(B) + deg Y n B (H). 



Turning to the jacobian, upon letting 

A = J(H, G) and A = J(H, G) with GeR 

by the chain rule for jacobians we get 

A(X,Y) = VX V+W ~ 1 A(X,Y) 

and now, assuming that Q B (H) ^ 1 = fl B (G) and G^O^ S(G, B), we have 

H(X, Y) = I{H)X VS( - H -^ + (terms of degree > VS(H, B) in X) 

with 1(H) Ek[Y}\ k, and 

G(X, Y) = I(G)X VS( - G ^ B '> + (terms of degree > VS(G, B) in X) 

with ^ 1(G) 6 k and VS(G, B) ^ 0, and hence we get 

A(X,Y) = - VS(G,B)I(G)(I(H)) Y X VS ^ H ^+ VS ^' B '>- 1 

+ (terms of degree > [VS(H, B) + VS(G, B)] in X) 

and therefore by (SP52) we have 

I(J(H, G)) = (J,I(H Y ) with ^ fi e k 

and hence by (SP51) we get 

minco x [z, V, W] (J(H, G)) = jj, minco x [z, V, W] (H Y ) with ^ fi e k. 



Thus 



(SP66) 



f if n B (H) ^ 1 and ^ G e R is such that Q B (G) = 1 and S(G, B) ^ 
then minco x [z, V, W](J(H, G)) = fj, minco x [z, V, W](H Y ) with O^ei 
and hence pinco x [z, V, W](J(H, G),a(B)) = pinco x [z, V, W](H Y , a(B)) 

[ and smco x [z,V,W](J{H,G),a(B)) = sinco x [z, V, W](H Y , a(B)). 



In view of (SP40), by (SP66) we see that 



(SP67) 



( if Ct B (H) ^ 1 and O^Gei? is such that Q B (G) = 1 and S(G, B) ^ 
then degymincojf [z, V, W](J(H, G)) = degymincox^, V, W^](ify) 
and dcg y pincox[z, V, W](J(ff, G), a(B)) = degypinco^ [z, V, W](H Y ,a(B)) 
and degysinco* [js, V, W](J(H, G),a(B)) = degysinco^ [z, V, W}(H Y ,a(B)) 
and dcg Y n B ( J(H, G)) = dcg Y n B (H Y ) 
and deg Y n B ( J(H, G)) = deg Y fl' B (H Y ) 

I and deg Y n* B (J(H,G)) = deg Y fl* B (H Y ). 
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To consider another similar case, just for a moment let j(H, G) stand for (HG)y; then upon letting 

S = j(H,G) and S = j(H, G) with G G R 

by the product rule for derivatives we get 

5(X,Y) = X W 5(X,Y) 

and now, assuming that Q B (H) ^ 1 = Qb{G) and G ^ 0, we have 

H(X, Y) = I{H)X VS( - H -^ + (terms of degree > VS(H, B) in X) 

with 1(H) ek[Y}\ k, and 

G(X, Y) = I{G)X VS{G ^ B) + (terms of degree > VS(G, B) in X) 

with 7^ -f(G) G fc, and hence we get 

S(X, Y) =I(G){I(H)) Y X V ^ H ^ +VS ^^ 

+ ( terms of degree > [VS(H, B) + VS(G, B)} in X) 

and therefore by (SP52) we have 

I{{HG)y) = ^I(Hy) with o^et 

and hence by (SP51) we get 

minco x [z, V, W]((HG) Y ) = /-* mincox[z, V, W](#y) with ^ /U G fc. 

Thus 

( if Qb(H) ^ 1 and is such that O s (G) = 1 

then mincox[z, V, W]((HG) Y ) = M minco x [z, V, W](H Y ) with ^ ^ek 
and hence pincox[^, V, W]((HG) Y , <r{B)) = pmco x [z,V,W}(H Y ,o-(B)) 
{ and sincox [z, V, W]((HG) Y , a(B)) = smco x [z, V,W](H Y ,a(B)). 

In view of (SP40), by (SP68) we see that 

if n B (H) ^ 1 and + G G R is such that Q B (G) = 1 
then degymincox[z, V, W]((HG) Y ) — degynrincox[z, V, W](H Y ) 
and degypincox[z, V,W]({HG) Y ,a(B)) = degypincox [z, V, W] (H Y , <r(B)) 
and degysincox[;z, V, W]{{HG) Y ,a{B)) = degysincox[z, V, W] {H Y , a(B)) 
and degyf2s((iJG)y) = Aeg Y VL B (H Y ) 
and degy^' B ((iJG)y) = dcg Y n' B (H Y ) 
I and deg Y n* B ((HG) Y ) = deg Y n B (H Y ). 

Abandoning notation (SP51), let us summarize Results (SP60) to (SP69) as Lemmas (SP70) to 
(SP75) stated below. 

Lemma (SP70). If B e R b and F G R are such that R*(F,B) = R*(B), then Q, B (F)^l and we have 

' deg Y n B {F Y ) = -D(B) + deg Y n B (F) 
< and deg Y n' B (F Y ) = D'(B) 

k and deg Y n* B (F Y ) = -D(B) - D'(B) + deg Y fl B (F) 

and for every (z, V, W) G e(B) we have 

deg Y minco x [z 1 V, W](F Y ) = — 1 + deg Y minco x [z, V, W](F) 
and deg Y pinco x [z,V,W](F Y ,a(B)) = D'(B)/D(B) 
k and deg Y sinco x [z,V,W](F Y ,a(B)) = -1 - [D'(B)/D(B)] + deg Y minco x [z,V,W](F). 



(SP68) 



(SP69) 



28 



Lemma (SP71). If B E R b and F E R are such that Q B (F) ^ I, then we have 



deg Y VL B {F Y ) = —D(B) + deg Y n B (F) 



and for every (z, V, W) E e(B) we have 



degy mincox [z ,V,W}(F Y ) 



1 + degy mincox [z, V, W] (F). 



Lemma (SP72). Given any B E R b and F E R, for every B' E R*(F, B) we have 

D**(F Y ,B) = -1 + D**(F,B). 

Lemma (SP73). If B E R b * and F E R are such that D**(F,B) > 0, then we have 

D**(F Y ,B) = -1 + D**(F,B). 

Lemma (SP74). If B E R b and F E R are such thatfl B (F) ^ 1, andO ^ G e R is such thatQ. B (G) = 1 
and S(G, B) ^ 0, then we have 



Lemma (SP75). If B E R and F E R are such that £l B {F) ^ 1, and ^ G E R is such that 
Sl B (G) = 1, then we have 



' deg Y n B (J(F,G)) = deg Y fl B (F Y ) 
< and deg Y VL' B {J{F, G)) = deg Y n' B (F Y ) 
k and deg Y n* B (J(F,G)) = deg Y n* B (F Y ) 



and for every (z, V, W) E e(B) we have 



deg Y minco x [z,V } W}{J(F,G),a(B)) = deg Y minco x [z,V,W](F Y ,a(B)) 
and deg Y pincox[z,V,W](J(F,G),o-(B)) = deg Y pinco x [z,V,W](F Y , a(B)) 
and deg Y sincox[z,V,W](J(F,G),a(B)) = deg Y sincox[z,V,W](F Y ,a(B)) 



and actually we have 



' minco x [z, V, W](J(F, G)) = fj, minco x [z, V, W](F Y ) with ^ fj, E k, 
< and pinco x [z,V,W]{J(F,G),a(B)) = pinco x [z,V,W]{F Y ,a{B)), 
_ and sinco x [z,V,W](J(F,G),a(B)) = sinco x [z,V,W](F Y , a{B)). 




and for every (z, V, W) E e(B) we have 



deg Y mincox[z,V,W}((FG) Y ) = deg Y mincox[z,V,W](F Y ) 
< and deg Y pincox[z,V,W]((FG) Y ,cr(B)) = deg Y pincox[z,V,W](F Y ,a(B)) 
and deg Y sincox[z, V, W]((FG) Y , a(B)) = deg Y sinco x [z, V, W](F Y , a(B)) 



and actually we have 



mincox [z, V, W]((FG) Y ) = \i minco x [z, V, W](F Y ) with 0^ fi E k, 
and pincox[z,V,W]((FG) Y} a(Bj) = pinco x [z,V,W}(F Y ,a(B)), 
and sinco x [z,V,W]((FG) Y ,a(B)) = sinco x [z,V,W](F Y ,a(B)). 



Now, as a consequence of (SP45) and (SP70) we shall prove the following Lemma: 
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Lemma (SP76). If B £ R b and F e R are such that R*(F,B) = R*(B) and F is devoid of multiple 
factors m R, then ft B (F) ^ 1 and deg Y Q, B (F Y ) = D"(B) and deg Y Vt' B (F Y ) = D'(B). 

Namely, if B G i? b and F £ R are such that R*(F, B) = R*(B) then by (SP70) we get n B (F) ± 1 and 
deg Y Sl B (F Y ) = -D(B) + deg Y Q B (F) and deg Y Q' B (F Y ) = D'(B); if F is also devoid of multiple factors 
in R, then by (SP45) we know that deg Y Q B (F) = D(B) + D"(B) and and hence we get deg Y £l B (F Y ) = 
D"(B). Likewise, if B e R^ and F e R are such that Q B (F) ^ 1 then clearly deg Y n B {F Y ) = 
— l + deg Y £l B (F); if F is also devoid of multiple factors in R, then by (SP45) we know that deg Y Q B (F) = 
1 + D"(B) and and hence we get deg Y Q B (F Y ) = D"(B). This completes the proof of (SP76). 16 

Next, as a consequence of (SP74) and (SP75) we shall prove the following Lemma: 

Lemma (SP77). Given any F £ R \ k((X) and / G £ fi, upon letting T = T(FG), we have the 
following. 

(SP77.1) IfBeTis such that Qb(G) = 1 and S{G,B) ^ then 

fiu(F) ± 1 

and 

deg Y n B (J(F,G)) = deg Y VL B {F Y ) and deg Y (l' B (J(F,G)) = deg Y Q' B (F Y ) 
and for every B' £ ir(T, B) we have 

Q B > (F) + 1 = n B > (G) and S(G, B') ± 

and 

deg Y tl B >(J(F,G)) = deg Y Q BI (F Y ) and deg Y VL B ,{J{F,G)) = deg Y Q! B ,{F Y ). 
(SP77.2) IfBeT is such that Q B (G) = 1 then 

n B (F) ? i 

and 

deg Y n B ((FG) Y ) = deg Y n B (F Y ) and deg Y Cl' B ((FG) Y ) = deg Y £l' B (F Y ) 
and for every B' £ n(T, B) we have 

fl B ,(F) + l = n B ,(G) 

and 

deg Y n B ,((FG) Y ) = deg Y Q B ,{F Y ) and deg Y il' B ,((FG) Y ) = deg Y n' B ,(F Y ). 

Namely, if B £ T is such that Q B (G) = 1 then obviously Q, B (F) ^ 1 and for every B' £ n(T, B) 
we have Cl B >(F) ^ 1 = Q B >, and by (BP5) we also see that if B £ T is such that Q, B (G) = 1 then 
for every B' £ n(T, B) we have S(G,B') = S(G,B). Therefore, in case of B £ T \ {R^T)}, our 
assertions follow from (SP74) and (SP75). Moreover, if B = R X (T) and Q S (G) = 1 and S{G,B) ^ 0, 
then by the equation J(F, G) = F X G Y - F Y G X we see that J(F, G) = -F Y G X with ^ G x e k((X)) 
and hence deg Y fl B (J(F, G)) = deg Y fl B (F Y ) and deg Y Q' B ( J(F, G)) = = deg Y n' B (F Y ). Likewise, if 
B = Roo(T) and Q B (G) = 1, then by the equation (FG) Y = FG Y +F Y G we see that (FG) Y = F Y G with 
0/Ge k((X)) and hence deg Y n B ((FG) Y ) = deg Y Q B (F Y ) and deg Y Q' B ((FG) Y ) = = deg Y Q' B (F Y ). 
This completes the proof of (SP77). 

Now we shall prove the following Lemma: 



16 We may tacitly use the obvious facts that: (1) if B e -R b and F G R arc such that R*(F,B) = R*(B) then 
Q B (F) ^ 1; (2) for every B £ R^ we have D'(B) = 0; (3) for every B 6 R^ and every G e R wc have fi s (G) = 1 and 
hence dcgyf!^(G) = 0. 
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Lemma (SP78). For any <£> G R, upon letting T — T($), we have the following. 

(SP78.1) Given any B G T with tt(T, B) ^ 0, for every B' G p(T, B) tftere is a unique a(B') G R*(B) 
with a(a(B' j) = o-(B'), and B' \— > a(-B') groes a bisection of p(T,B) onto R*{B). Moreover, for every 
B' G p(T, B) we have 

_ f D*(a(B')) in case B E R b 
I 1 in case £? € i?^ 

and Zience we /iai>e 

r -.0(B) + EB'ep(T.s) m case S G i? b 

-l + E B >ep(TB) D ( B ') in case B € R^ 



D'(B) = 



;B>ep(T,B) - 

where we note that if B G i?^ i/ien card(p(T, B)) = card(R*(B)) = 1. 

(SP78.2) Given any B G T wii/i tt(T, B) = 0, /or every / G ct(B) t/iere is a unique /?(/) G R*(B) with 
f G cr(/3(/)), and / i— > /?(/) gives a bijection of a{B) onto R*(B). Moreover, for every f G cr(B) we /iai>e 



degyf 



£>*(/?(/)) incaseBER^ 
in case B G 



and hence we have 

D"{B) = D'(B). 

(SP78.3) For every B G T we have 

D"(B) = D'(B) + D'(B'). 

B'eir{T,B) 

Namely, the proofs of (SP78.1) and (SP78.2) are straightforward. We shall prove (SP78.3) by induction 
on card(7r(T, B)). In case of card(7r(T, B)) = our assertion follows from (SP78.2). So let card(7r(T, B)) > 
and assume true for all smaller values of card(7r(T, B j). Then, by the induction hypothesis, for every 
B' G p(T, B) we have 

D"(B') = D'(B') + D'(B") 

B"eir(T,B>) 

and hence by the definition of D"(B') we get 

D'(B')+ ]T D'(B") = —D(B') + E degyf. 

B"€w(T,B') fea(B') 

Summing both sides of the above equation as B' varies over p(T, B), we get 



E D'(B') = - 

B'£tt(T,B) 



E W) 

B'ep(T,B) 



E de s^/ 

fea(B) 



and by (SP78.1) we have 

D'(B) = 



-D(B) + E B >e P (T,B) D ( B ') in case B e R b 
v -1 + E B 'e P (T,B) D ( B ') in cas « B e Rl- 

By adding the above two equations we get 

< —D(B) + Efe.(B) dc &Y.f in case B G R" 



-i + E 



fe*(B 



degyf 



D'(B)+ E D '(B') 

B'e-rr(T,B) 

and hence by the definition of D"(B) we conclude that 

D"(B) = D'(B) + E D'(B'). 

B' Eti(T,B) 

This completes the proof of (SP78.3). 



in case B G 



As an immediate consequence of (SP78.3) we get the following Lemma: 
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Lemma (SP79). Let B G T = T($) with $ G R be such that: deg Y fl B (B) = D"(B), deg Y fl' B (B) = 
D'(B), and deg Y Q' B ,(H) = D'(B') for all B' G n(T, B). Then 

deg Y n B (H) = deg Y Q' B (H) + ^ deg Y n' B ,(H). 

For any B G T = T($) with $ G R, it is clear that Sl' B {H) U. B 'e^(T,B) ^'b>( h ) divides in R 

and hence, as a companion to (SP50), and as a principle applicable in the situation of (SP79), we get the 
following Lemma: 

Lemma (SP80). For any B G T = T($) mift $ G R we have: 

n B (H) = n' B (ff)rW ( T, s) n'u'(tf) 

deg Y n B (H) = deg Y Cl' B (H) + T,B>ew(T,B) deg Y Cl' B ,(H). 



Section 8: Factorization of the Derivative 

If T = T(F) where F G R\k((X)), then for every B G T we clearly have S) = Therefore 

by (SP76), (SP79) and (SP80) we get the following Derivative Factorization Theorem. 

Theorem (DF1). Let T = T(F) where F G R \ k((X)) is devoid of multiple factors in R. Then we 
have the following. 

(DF1.1) For any B G T we have 

deg Y n B (F Y ) = D"(B) and deg Y Vl' B {F Y ) = D'(B) 

and 

n B (f y ) = n' B (f y ) Yl n' B ,(F Y ). 

B'eir(T,B) 

where for every B' G ir(T, B) we have 

deg Y n B '(F Y ) = D"(B') and deg Y n' B ,(F Y ) = D'(B'). 
(DF1.2) By taking B = R^T) in (DF1.1), for the monic part (Fy)^ of F Y we get 

(F Y )oc = 1] ^b(Fy). 

BGT\{fl 00 (T)} 



Remark (DF2). In the Factorization (DF1.2), the factor Cl' B (F Y ) really occurs, i.e., its F-degree 
D'(B) is nonzero, if and only if either: (*) card(i?*(_B)) = 1 and for the unique B' G R*(B) we have 
D*(B') > D(B), or: (**) card(i?*(B)) > 1. Note that in the irreducible case, i.e., when F = f G R\ 
(*) is always satisfied. Moreover, in the nontrivial irreducible case, i.e., when F = f G R^ with 
degy/ = n > 1, let us put 

h(c(f)) ifci(/)£Z 
h(c(f))-l if Cl (/)GZ 



h : 



and for 1 < i < h let us put 



and 



and for 1 < i < h + 1 let us put 



n = 1 



Ci(f) ifci(/)^Z 
ci+i(/) ifci(/)ez 

(«(m(/))) ifri(/)^Z 
+i(«(m(/))) ifn(/)€Z 



di(m(/)) ifci(/)^Z 
d i+1 (m(f)) if Cl (/)GZ. 
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Then ft is a positive integer, ci < c 2 < • • • < eg are in Q \ Z, and n = d\ > d 2 > ■ ■ ■ > dj i+1 = 1 are 
integers with c?i = (mod d^+i) for 1 < j < ft. Let £? = (<r(So), A(So)) G with ct(-Bo) = {/} and 
X(B ) = -co. For 1 < i < ft let B, L = (a{B i ),X{B i )) G i? b with (7(5,) = {/} and A(B J ) = c,. Then 
T = T(f) = {B , B u . . . , B~ h } with Roo(T) = B < B x < ■ ■ ■ < B~ h , and for 1 < i < ft we have 

S(Bi) = (d^/n 2 and D(B l ) = n/d, 

and 

D*(B' i )=n/d t+1 where {%} = R*(Bi). 

Now 

(fr)oo = (l/n)/r = J] °kC/v) 

l<i<h 

and for 1 < z < ft we have 

deg Y n' Bi (f Y ) = D'(Bi) = -D(Bi) + D*{B'J = (n/d i+1 ) - (n/£) > 0. 
Let us factor /y into irreducible factors by writing 

f Y = n Y[ f U) with G i?" 

i<j<x 

and for 1 < i < ft let us put 

i* = {iG{l,..., X }:noc(/,/«) = cO. 

Then 

{1,. ..,%}= u 

i<i<h 

is a partition into pairwise disjoint nonempty sets, and for 1 < i < ft we have 

= II / 0) with < de SY.f U) G (n/di)Z for all j G z* 

jei' 

and 

int(/,ft Si (/y)) - nS(B i )degyO' Bi (/r) = - 1]?; 

where int denotes intersection multiplicity. 17 

Example (DF3). Now, if we are in the nontrivial irreducible case of F = f G I# with degy/ = n > 1, 
and if ft(c(/)) = 1 with ci(/) ^ Z, then the conclusions of the above Remark (DF2) say that f2' Bi (/y) = 
(l/n)/y with int(/, /y) = (n — l)mi(/), and noc(/, /^) = Ci(/) = rai(/)/n for every irreducible 
factor of /y. To verify this in a particular situation, by taking . . . ,w„_i(X), w n (X)) = 

(0, . . . , 0, X e ) in Example (TR3) of Section 6 we have 

F(X, Y) = f(X, Y) = Y n + X e G fl" where ^ e G Z with GCD(n, e) = 1 

and hence ft(T(/)) = ft(/) = 1 with mi(/) = e and 

Z (T(/)) - -co and Zi(T(/)) - ci(/) = e/n 

17 The intersection multiplicity int(/, g) of / 6 R^ with g £ Ris defined by putting int(/, g) = ordxResy (/, g), where 
Resy (/, g) denotes the Y-resultant of / and g; equivalently, for any z(X) G k((X)) with f(X n , z(X)) = where degy/ = n, 
we have int(/,g) = ord x g{X n , z(X)); see pages 286-287 of [Ab]. By (GNP7) we see that, given any B e R b and H e R, 
for every / G cr(-B) we have int(/, Q' B (H)) = riS(B)dcgy Sl' B (H) where degy/ = n. 
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and upon letting 

B l G R b with cr(B,) = {/} and X(B l ) = k(T(f j) for < i < 1 

we have 

T(F)=T(f) = {B ,B 1 } 

with 

D'(B Q ) = and D'(Bi) =n-l. 

Now clearly /y = nY" -1 , and hence Resy(/, /y) = n™^™ -1 ) 6 and = Y for l<j<x = n— 1, and 
therefore int(/,/y) = ordxResy(/, jy) = (n-l)e - (n-l) mi (f) and noc(/,/«) - (l/n)ord x /(X, 0) - 
mi(/)/n for 1 < j < x = n — 1. This completes the verification. 

Example (DF4). Next, if we are in the nontrivial irreducible case of F = / £ with degy/ = 
n > 1, and if h(c(f)) = 2 with Ci(/) Z, then the conclusions of the above Remark (DF2) say that 
^(/O^BaUV) = ( l / n )fY and for 1 < i < 2 we have that: degyfi^(/y) = £>'(-Bj) = (n/d i+1 ) - 
(n/di) > and int(/, £l' B . (/y)) = [(dj/dj + i) — l]r"j where f2' Bi (/y) is the product of all those irreducible 
factors of /y for which noc(/, /^') = Cj(/), and moreover for each of these we have < 
degy/W e (n/dj)Z. To verify this in a particular situation, in Example (TR4) of Section 6 we have 

F(X, Y) = f(X, Y) = (Y 2 - X 2a+1 f - X 3a+b+2 Y G with a € Z and < 5 £ Z 

with 

n = d\ = 4 and d 2 — 2 and d 3 = 1, and 
< ci(/) = (2a+l)/2 and c 2 (/) = (4a + 26 + 3)/4, and 
, [(diM) - l]ri = 4a + 2 and [(d 2 /d 3 ) - l]r 2 = 8a + 26 + 5 
and /i(T(/)) = 2 with l (T(f)) = -co and 

Ji(T(/)) = ci(/) = (2a + l)/2 and J 2 (T(/)) = c 2 (/) = (4a + 26 + 3)/4 

and upon letting 

B 4 G R b with cr(B 4 ) = {/} and \(B t ) = k(T(f j) for < i < 2 

we have 

T(F)=T(f) = {B ,B u B 2 }. 

with D'(B ) = and 

D'(Si) = 1 and D'(B 2 ) = 2. 

Now 

/ y = 4Y(Y 2 - X 2a+1 ) - x aa+b+2 
and hence by (TR5) of Section 6 we see that /y = 4Yf^f^ where 

f (1) (X, Y) = Y — v(X) G fl" and G fc(pf)) 

with 

ord x v(X) = a + b + 1 

and _ 

/( 2 )(X,r) = Y 2 + £ <{X)Y 2 -* G i?" and G fc((X)) 

l<i<2 

with 

ordxWi(^) > (2a + l)/2 and ord x u 2 (X) = 2a + 1. 

Comparing coefficients of F 2 and Y in the equation /y = 4/( 1 )/( 2 ) we see that v[(X) — v(X) = and 
v' 2 (X) - v[(X)v(X) = -X 2a +\ and hence 

f (2) (X, Y)=Y 2 + v(X)Y - X 2a+1 + v(X) 2 . 
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Applying the quadratic equation formula to the above equation we get the roots of f^(X 4 , Y) to be 



Y = (-l/2)v(X 4 ) ± (l/2)v/4X 8a + 4 -3w(X 4 ) 2 

= (-l/2)v(X A ) ± X 4a+2 ^Jl - (3/4)X- 8a - 4 w(X 4 ) 2 

= (-l/2)[fiX ia+ib+4 + (terms of degree > 4a + 46 + 4 in X)} 

± X 4a+2 J 1 - (3/4)/j 2 X 8fc + 4 + (terms of degree > 86 + 4 in X) 



= (-l/2)[/iX 4a+46+4 + (terms of degree > 4a + 46 + 4 in X)] 
± X 4a+2 [1 - (3/8)/i 2 X 86+4 + (terms of degree > 86 + 4 in X)} 

= (-l/2)[fiX 4a+4b+4 + (terms of degree > 4a + 46 + 4 in X)] 

± [X 4a+2 - (3/8)^ 2 X 4a+8b+6 + (terms of degree > 4a + 86 + 6 in X)] 

where for the third equality we are using the fact that ovAxv{X) = a + b + 1 and hence 

v{X 4 ) = fiX 4a+4b+4 + (terms of degree > 4a + 46 + 4 in X) with ^ fj, G k 

and for the fourth equality we are using the Binomial Theorem for exponent 1/2. It follows that 

f^(X 4 , Y) = [Y — yi(X)]\Y - y 2 (X)} where y x G k((X)) and y 2 (X) G k((X)) 

are such that 

i/i (X) = X 4a+2 - (^/2)X 4a+4b+4 + (terms of degree > 4a + 46 + 4 in X) 

and 

y 2 {X) = -X 4a+2 - (n/2)X 4a+4b+4 + (terms of degree > 4a + 46 + 4 in X). 

We also have 

f (1) (X 4 , Y)=Y - v(X) where v(X) G fc((X)) with ord x = 4a + 46 + 4. 
Finally by (TR4) of Section 6 we have 

f(X 4 ,Y)= [] [Y- Zj {X)\ 

l<j<4 

with 

Zj (X) = (i 3 X) 4a+2 + I(^X) 4a+2fc+3 + (terms of degree > 4a + 26 + 3 in X) 
where i is a primitive 4-th root of 1 in k. By the above expressions for the roots of / and we get 

int(/, /W) = 4a + 2 and noc(/, /W) = (2a + l)/2. 
Likewise, by the above expressions for the roots of / and we get 

int(/, / (2) ) = 8a + 26 + 5 and noc(/, / (2) ) = (4a + 26 + 3)/4. 

It follows that 

tf Bl {fr) = f (l) with degy/« - D'(Bj) for 1 < i < 2 
and this completes the verification. 
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Example (DF5). Finally, let us turn to the case of F G R^ having two factors, i.e., such that F = //' 
with / e R^ and /' £ W. At the same time let us arrange matters so that F is pure meromorphic, i.e., 

F(X,Y) = $(X-\Y) with $(X,Y) e k[X,Y}. 

To do this, in Example (TR5) of Section 6, let us take n > 1 with 6 = and a = — 1, and 

<f>(X,Y) = Y n+2 + K 'XY n +ZY + k+ J2 K t Y n+2 - 1 6 k[X,Y] 



3<«<n 



with 



7^ k' G k and ^ n G k and O^kgJ; and Hi £ fc for 3 < i < n. 
As explained in (TR5) of Section 6, we then have 

F(X,Y) = f(X,Y)f'(X,Y) with f(X,Y) f'(X,Y) 



where 

with 
and 

with 



f(X,Y) = Y n + Wi{X)Y n - 1 £ and Wi {X) £ k((X)) 



Ki<n 



ordxWi(X) > ie/n for 1 < i < n — 1 and ordxU> n (X) = e = 1 
f'(X,Y) = Y 2 + <( X ) y2 ~" e and w[(X) e fc((A)) 



1<!<2 



ord x wi(A) > e'/2 and ord x w^(A) = e' = -1 



and ^ k' £ k and ^ k/k' £ J: are the coefficients of X e and A e in w^(A) and w n (X) respectively. 
As explained in (TR5) of Section 6, we also have h(T(F)) = 2 with l (T(F)) = — oo and 



and upon letting 



h(T(F)) = -1/2 and 1 2 {T(F)) = l/n 

{ B eR b with a(B ) = {/,/'} and X(B ) = l (T(F)), 
and B 1 £ R° with cr^i) = {/, /'} and X(B 1 ) = h(T(F)), 
and B 2 £ fi b with cr(B 2 ) = {/} and X{B 2 ) = 1 2 {T(F)), 

{ and B' 2 £ R 9 with ct(B^) = {/'} and X(B' 2 ) = l 2 (T(F)), 



we have 

with D'(B a ) = and 
Now 



T(F) = {B ,B U B 2 ,B 2 } 

D'(B{) = 2 and D'(B 2 ) = n - 1 and D'(S^) = 0. 

F Y = (n + 2)Y n+1 +nn'X- 1 Y n - 1 + k+ J2 (n + 2 - i)n t Y n+1 - 1 

and hence by (TR5) of Section 6 we see that F Y = (n + 2)/W/( 2 ) with /W ^ /< 2 ) where 
/ (2) (A,y) =Y n - 1 + J2 v l (X)Y n ^ 1 ^ % £ R^ and Vi(X) £ fc((A)) 

with 



KKn-l 



ordx«i(A) > ze/n for 1 < i < n — 2 and ordx«n-i(A) = e = 1 
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and _ 

f^(X,Y) = Y 2 + £ v'iWY 2 -* e and v'^X) G k((X)) 

l<i<2 

with 

oidxv'^X) > e'/2 and ord x v' 2 (X) = e' = -1 

and 7^ Tin' /(n + 2) E k and ^ n/{nn') E fc are the coefficients of X e and JT e in and w„_i(X) 

respectively. In view of (TR3) of Section 6 we see that 

f(X n ,Y)= [] \Y-*j(X)] 

l<j<n 

where Zj(X) E k((Xj) is such that 

Zj(X) — u> J k*X + (terms of degree > 1 in X) 
where w is a primitive n-th root of 1 in fc, and k* is an n-th root of —k/k' in k, and 

f'{X\Y)= [] [Y-z'jiX)} 

l<j<2 

where z'j(X) G k((X)) is such that 

z'j(X) = {-lyn^X- 1 + (terms of degree > -1 in X) 
where n'* is a square root of — k' in k. In view of (TR3) of Section 6 we also see that 

fM(X n -\Y)= [] [Y-VAX)] 

l<]<n-l 

where yj(X) G k((X)) is such that 

Uj(X) — lj^Ti'X + (terms of degree > 1 in X) 
where u) is a primitive (n — l)-th root of 1 in k, and k* is an (n — l)-th root of —K/(nK') in k, and 

f {1 \x\Y)= [] [Y-y'M)} 

l<j<2 

where y'j(X) G k((X)) is such that 

y'^X) = {-IYk'^-X- 1 + (terms of degree > -1 in X) 

where re'* is a square root of — nre'/ (n + 2) in k. By the above expressions of the roots of /, /', f^\f^ 
we get 

' int(/,/( 1 )) = -n and noc(.f, j^ 1 )) = -1/2, and 

mt(f'jW) = -2 and noc(f'J^) = -1/2, and 

int(/, /( 2 )) = (n - 1) and noc(/, /< 2 )) = 1/n, and 
, int(/', /W) = -(n - 1) and noc(/' , /( 2 )) = -1/2, 

and hence 

Q! B .{F Y ) = f (i) with degy/ w = D'(B t ) for 1 < i < 2 
which verifies Theorem (DF1) in the present situation. 
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To get an example of F G having three factors, we take F(X,Y) = <&(X 1 ,Y) with $(X,Y) = 
&(X,Y) - $(0,0) G k[X,Y}. Then by (TR5) of Section 6 we get F = jf'f" with / " ^ / ^ f + J" 
where f"{X,Y) = Y G & and 

f{X,Y) = Y n ~ 1 + w^Y"- 1 - 1 G R* and m(X) G fc(PO) 



Ki<n-1 



with 
and 

with 



ord^Wi(X) > ie/n for 1 < i < n — 2 and ordxw„_i(JT) = e = 1 

f^y) = r 2 + ^ ^(x)y 2 - J e ^ and g fc(pO) 



l<i<2 



ord x wi(X) > e'/2 and ord x w 2 (X) = e' = -1 



and 7^ «/ G fc and 7^ k/k' G fc are the coefficients of JT e and X e in «; 2 (X) and w n -i(X) respectively. 
In view of (TR3) of Section 6 we see that 

f(X-\Y)= [] [Y-zjiX)] 

l<j<n-l 

where Zj(X) G fc((X)) is such that 

Zj(X) — cj j k*X + (terms of degree > 1 in X) 
where u) is a primitive (n — l)-th root of 1 in k, and k* is an (n — l)-th root of —k/k' in fc, and 

?{x\y)= n i^-^-w] 

l<j<2 

where Zj(X) G fc((^)) is such that 

= (-l)^'*^- 1 + (terms of degree > -1 in X) 

where k'* is a square root of — k' in k. By the above expressions of the roots of / and /' it follows that 
h(T(Fj) = 2 with l (T(F)) = -00 and 

h(T(F)) = -1/2 and l 2 (T(F)) = l/(n - 1) 

and upon letting 

{ B Q eR b with cr(B ) = {f,f J"} and A(B„) = h(T{F)), 
and Si G # b with <r(Bi) = {/,/',/"} and A(Bi) = h(T(F)), 
and B 2 G i? b with <r(B 2 ) - {/,/"} and A(B 2 ) = l 2 (T(F)), 
{ and B 2 G # b with o-(B 2 ) = {/'} and X(B' 2 ) = l 2 (T(F)), 

we have 

T(F) = {B Q ,B U B 2 ,B' 2 } 

with £>'(B ) = and 

D'{B{) = 2 and D'(B 2 ) = n - 1 and D'(B' 2 ) = 0. 
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Now F Y = F Y = (n + 2)/( 1 )/( 2 ), and by the above expressions of the roots of /, /', / (2) we get 

f int(/, /(D) = -(n - 1) and noc(fjW) = -1/2, and 
mt(f',fW) = -2 and noc(f'jW) = -1/2, and 
int(/", /«) = -1 and noc(.f",/M) = -1/2, and 
int(/, /( 2 )) = (n - 1) and noc(/, /< 2 )) - l/(n - 1), and 
int(/', /( 2 )) = -(n - 1) and noc(.f, /( 2 )) = -1/2, and 
I int(/", /W) - 1 and noc(/", /( 2 )) - l/(n - 1), 



and hence 



(F Y ) = / (<) with deg y /« = D'(Bi) for 1 < i < 2 



which again verifies Theorem (DF1) in the present situation. 

Section 9: Factorization of the Jacobian 

If T = T(FG) where F E R \ k((X)) and ^ G E R, then for every B E T with Q B (G) = 1 we clearly 
have R*{F,B) = R*(B). Therefore by (SP76), (SP77), (SP79) and (SP80) we get the following Jacobian 
Factorization Theorem. 

Theorem (JF1). Let T = T(FG) where F E R \ k((X)) is devoid of multiple factors in R, and 
7^ G E R. Then we have the following. 

(JF1.1) If B ET is such that Q. B {G) = \ and S(G,B) ^ then we have 



and 
and 



deg Y n B (J(F,G)) = deg Y Sl B {{FG) Y ) = deg Y n B {F Y ) = D"(B) 
deg Y n' B (J(F,G)) = deg Y n' B ((FG) Y ) = deg Y n' B {F Y ) = D'(B) 



n B (J(F,G)) = Sl' B (J(F,G)) [] Q' B ,(J(F,G)) 
where for every B' E n(T, B) we have £l B i{G) = 1 and S(G, B') ^ and 



deg Y Q B ,{J(F,G)) = deg Y n B ,((FG) Y ) = deg Y n B ,(F Y ) = D"(B') 



and 



deg Y n' B ,(J(F,G)) = deg Y Q' B , ((FG) Y ) - deg Y n' B ,(F Y ) = D'(B'). 
(JF1.2) If B ET is such that fl B (G) = 1 then we have 

deg Y fl B ((FG) Y ) = deg Y VL B {F Y ) = D"(B) 



and 
and 



deg Y VL' B {{FG) Y ) = deg Y Q' B (F Y ) = D'(B) 



n B ((FG) Y ) = Q' B ((FG) Y ) J] tf B ,((FG) Y ) 

B'£ir(T,B) 

where for every B' E ir(T, B) we have fl B >(G) = 1 and 



and 



deg Y n B ,((FG) Y ) = deg Y n B ,(F Y ) = D"(B') 
deg Y n' B ,((FG) Y ) = deg Y n' B ,(F Y ) = D'(B'). 
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Remark (JF2). The Jacobian Factorization (JF1.1) was based on (SP80), and it invoked the Jacobian 
Estimates (JE1) to (JE3) of Section 5 only in the special case when degymincox [+ V, W](G) = 0. 
Elsewhere we shall discuss a more refined Jacobian Factorization based on (SP30) by invoking the general 
case of (JE1) to (JE3). 

Example (JF3). Now let us illustrate Theorem (JF1.1) by the example 

F = F(X, Y) = Y n + X e G R k where with GCD(n, e) = 1 

considered in (DF3) of Section 8. For G = Iwe have J(F, G) = Fy and we are reduced to (DF3). 

Example (JF4). Next let us illustrate Theorem (JF1.1) by the example 

F = F(X, Y) = (Y 2 - X 2a+1 f - x 3a+b+2 Y e with aGZandO<oGZ 

considered in (DF4) of Section 8. Again, for G = X we have J(F, G) = Fy and we are reduced to (DF4). 
Moreover, for 

G = G(X,Y) = Y eR* 



we have 
with 



J(F, G) — F x — -(4a + 2)X 2a F 



F = F(X, Y) = Y 2 + (3a + b + 2)(4a + 2)- 1 X a+b+1 - X 2a+1 . 
By (TR3) and (TR4) of Section 6, it follows that h{T{FG)) = 2 with l (T{FG)) = -00 and 

h(T(FG)) = (2a + l)/2 and l 2 (T{FG)) = (4a + 2b + 3)/4 



and upon letting 



we have 



' B eR b with o-(Bo) = {F, G} and X(B ) = l (T(FG)), 
and B 1 G & with tr(Bi) = {F, G} and \(B~i) = h(T(FG)), 
and B 2 G R v with a{B 2 ) = {F} and X(B 2 ) = l 2 (T(FG)), 

{ and B' 2 G R v with a{B' 2 ) = {G} and X(B' 2 ) = l 2 (T(FG)), 

T(FG) = {B ,B 1 ,B 2 ,B' 2 } 



with D'(B ) = and 

D'(-Bi) = 2 and D'(B 2 ) = 2 and D'(B' 2 ) = 0. 
By (TR3) and (TR4) we also see that F G R^ with 



and hence 



noc(G, F) = (2a + l)/4 and noc(F, F) = (4a + 26 + 3) /4 
Sl' B (J(F,G)) = 



F if B = B 2 

1 if B = B or B = B x or B = B' 2 
in accordance with Theorem (JF1.1). Likewise, for 



G = G{X, Y)=Y 2 - X 2a+1 G 
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we have 

J(F, G) = J(-X 3a+b+2 Y, G) 

with 



- (6a + 26 + 4)X 3a+b+1 F if 3a + 6 + 2 ^ 
-(2a+l)X 2a F if3a + 6 + 2 = 



Y 2 + (2a + l)(6a + 26 + 4)" 1 X 2o + 1 if 3a + 6 + 2 ^ 
1 if 3a + 6 + 2 = 



F = F(X,Y) : 

By (TR3) and (TR4) of Section 6, it follows that h(T(FG)) = 2 with l (T(FG)) = -oo and 
h(T(FG)) = (2a + l)/2 and l 2 (T(FG)) = (4a + 26 + 3)/4 



and upon letting 



we have 



with D'(S ) = and 



B G R b with a(B ) = {F, G} and X(B ) = l (T(FG)), 
and Bx G R b with o-(i?x) = {F, G} and A(£?x) = h(T(FG)), 
and B 2 G _R b with a(B 2 ) = {F, G} and X(B 2 ) = 1 2 {T{FG)), 

T{FG) = {B ,B U B 2 } 

D'(Bi) =3 and D'(S 2 ) = 4. 



Thus the stem of every bud of T(FG) contains F as well as G, and hence Theorem (JF1.1) does not 
predict any factors of J(F, G) . This is quite satisfactory when 3a + 6 + 2 = because then J(F, G) = 
— (2a+ \)X 2a+1 and so J(F, G) has no factor involving Y. A particularly interesting case of 3a + 26+2 = 
is the pure meromorphic case when (a, 6) = (— 1, 1). In that case, as noted in (TR4) of Section 6, we have 
F(X, Y) = ^{X' 1 , Y) where ®(X, Y) G k[X, Y] isj;hc variable Y) = (Y 2 - X) 2 - Y; indeed, then 
k[X, Y] = *] where Y) = Y 2 - X with G(X, Y) = Y). 

Example (JF5). Finally let us illustrate Theorem (JF1.1) by the example 

F = F(X,Y) = $(X-\Y) 

where 



Y) = Y n+2 + n'XY n + kY + k+ Kl Y n+2 - 1 e k[X, Y] 

with n > 1 and 



3<z<n 



7^ k G k and 7^ k G k and k G k and Kj G fc for 3 < z < n 

considered in (DF5) of Section 8 (where we used the notation <!> and F for the special case of k = 0). 
Once again, for G = —X we have J(F, G) — Fy and we are reduced to (DF5). Note that the affine plane 
curve $ = is nonsingular (at finite distance) for every k; equivalently, $x and $y have no solution in 
the affine plane k x k. Moreover, $ is irreducible for every k^O, but reducible for n — 0. In (DF5) 
we have shown that $ has two or three places at 00, i.e., F has two or three factors in R\ according as 
k 7^ or k = 0. Further interest in this nice family of bivariate polynomials $ lies in the fact that it 
provides a convenient testing ground for the trivariate jacobian conjecture. To elucidate this, given any 
Hi G k[Xi, . . . , X r ] where r is any positive integer, let us say that Hi is a variable in k[Xi, . . . , X r ] 
to mean that k\X\, . . . , X r ] = k[Hi, . . . , H r ] for some H 2 , . . . , H r in k\X\, . . . , X r ], and let us say that 
Hi is a weak variable in k\X\, . . . , X r ] to mean that 7^ J {Hi, . . . , H r ) G k for some H 2 , . . . , H r 
in k[Xi, . . . , X r ] where J(Hi . . . , H r ) is the jacobian of Hi, . . . , H r with respect to X\, . . . , X r . The 
rcducibility of <f> when n = shows that $ is not a variable in k[X, Y]. The rcducibility of <& when k = 
also shows that $ is not a variable in k[X, Y, Z]. It can be shown that $ is not a weak variable in k[X, Y], 
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at least when n + 1 is a prime number. However, as was pointed out to us by Ignacio Lucngo, it is not 
known whether <I> is or is not a weak variable in k[X, Y, Z], even when n = 2. To see that $ is not a weak 
variable in k[X, Y], first note that by the automorphism (X, Y) ^ {{X — Y 2 )/k',Y) we can send $ to 
the polynomial 

XY n + kY + k+ K<Y n+2 - 1 e k[X,Y] 

3<i<n 

whose degree is n + 1 and whose degree form XY n has two coprime factors. On the other hand, it can 
easily be shown that if H € k[X, Y] is a weak variable in k[X, Y] of prime degree then its degree form 
must be a power of a linear form. 
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